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Abstract. In this work we study discrete subgroups r of PSL^(C) and some 
of their basic properties. We show that if there is a region of "discontinuity" 
of the action of T on which contains T-cocompact components, then the 
£h ■ group is either elementary, affine or fuchsian. Moreover, there is a largest open 

^ 1 set on which V acts properly discontinuously. 
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Introduction 



OO 

in 

Q ■ The classical kleinian groups are discrete subgroups of PSLi(C) that act on 

^ (-4 the Riemann sphere S 2 = Pg with non-empty region of discontinuity. Their study 

has played a major role in several areas of mathematics for a long time. More 
recently, there has been interest in studying generalizations of these groups to higher 
dimensional projective spaces. Of particular interest are the results of W. Goldman, 
R. Schwartz, M. Kapovich, N. Gusevskii and others about discrete subgroups of 
PU(2, 1) C PSL3(C). These are groups of automorphisms of that preserve an 
open ball, which serves as model for complex hyperbolic geometry, and so they are 
analogous to the classical fuchsian groups. 

More generally, in |18j the authors introduce the concept of a complex Kleinian 
group, which means a discrete subgroup T of some PSL n+ i(C) acting on PJ5 with 
non-empty region of discontinuity (in the sense of Kulkarni, see [3]), and in a couple 

■ of subsequent articles ([19l[20j) they study some interesting families of such groups 
acting on odd-dimensional projective spaces. Here we look at the case of groups 

■ acting on P^., continuing the work begun in [2], fl2| [13] . 
An important problem in the theory of higher dimensional Kleinian groups is to 

provide a "nice" definition of the limit set. One of the first attempts in this direction 
is due to R. S. Kulkarni in [5] (see also definition II. ip . where the author proposes 
a notion of limit set -that we denote Ax«;(r)-, which seems more appropriate for 
this setting than taking the complement of the cluster points of the orbits (see 
proposition ll.5p . Yet, Kulkarni's region of discontinuity £Ikui(^) -which is the 
complement of A^ u ;(r)- still has few things that may produce certain discomfort. 
For example the limit set is not monotone (see remark T8.4p . f2ffuz(r) is not a 
maximal set where the action is properly discontinuously (see corollary |4.8p and the 
region of equicontinuity could be empty even in the case when Qkui(F) ^ (see 
remark I7T2]) . For this reason, in this article, we consider subgroups T of PSL^C) 
acting on P^. in such a way that there is an invariant open set f2 which is non-empty, 
where T acts properly discontinuously and where the quotient fl/T contains at least 
one connected component which is compact. In this case T will be called a Quasi 
Co-compact kleinian group over Q. Results of Inoue, Klingler, Kobayashi, Ochiai 
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and others (see Theorem II. 8p assert that for each compact complex surface which 
admits a projective structure, the holonomy is either fuchsian or affine and the 
image of the developing map is one of the following: P 2 ,, H 2 , C 2 , C 2 — {0}, C x C*, 
C* x C*, H x C, D x C*, where D is a hyperbolic domain of the extended complex 
plane Pj., and also provide a complete classification of the complex manifold that 
admit a projective structure. Here we translate such results to the case of quasi 
co-compact kleinian groups and show as a main result that for any of such groups 
they admit a largest open set on which the group acts properly discontinuously (see 
Theorems O El EH and remark [D3] bellow) . 

Given a discrete subgroup T C PSL^(C) we will say that T is fuchsian if it is 
conjugate to a subgroup of PU(2, 1), and we say that T is affine if it is conjugate 
to a subgroup of affine automorphisms of C 2 , i.e., a group of automorphisms of P 2 - 
having an invariant line. We say that T c PSL^(C) is elementary over Q if T acts 
properly discontinuously on fl and P^ — fl is the union of a non-empty finite set 
of lines and a finite set of points. Also, T is called controllable if there is a line I 
and a point p £ which are invariant under the action of T. The group T \i= G 
is called the control group and K = {h G T : h{x) = x for all the kernel of 

r (see subsection 14.31 for an example) . Clearly controllable groups provide special 
kinds of affine groups. We prove: 

Theorem 0.1. Let T < PSL^C) be a quasi co-compact group over fl, then T is 
elementary, fuchsian or affine. 

Set (see also section [T]): 

C 2 = {[z; w;l]:z,we C}; Af (C 2 ) = {g G PSL 3 (C) : g(C 2 ) = C 2 } 

A/2 = {g G PSL 3 {C) : g(CxC) = CxC*}; Af 3 = {g G PSL 3 (C) : g(CxC) = C*xC*} 

5oZ^=|(o | A I" 2 b | : (A, a, fe) G C* x C x R 1 ; 
IV 1 J J 

f / e a b\ ) 

Sol\ = < a c : a, a, b, c G R, a > 0, e = ±1 > ; 

V o o i / 



1 a 6 + iloga 
a c 
1 



S'oii 4 = ( I a c I : q, a, b, c G R, a > 












H 


!(: 


a 


















6 






!(• 


a 


:) 












Then we prove: 

Theorem 0.2. Lef V < PSLa(C) be a quasi co-compact and elementary group 
over O such that Q/T is not a Hopf surface. Then Qk u i(T) is the largest open set 
on which T acts properly discontinuously, in particular Q is contained in Qk u i(X)- 
Moreover, up to projective equivalence, one of the following assertions applies: 

(1) Oif„i(r) = C 2 , r is affine and a finite extension of a unipotent group. And 
^ifuZ (r)/T is a finite covering (possibly ramified) of a surface biholomorphic 
to a complex torus or a primary Kodaira surface. 
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(2) CIk u i(T) = C x C*, r is a finite extension of a group isomorphic to Z 3 = 
Z©Z©Z which is contained in A\ or A2- Moreover, f2x«z(r)/r is a finite 
covering (possibly ramified) of a surface biholomorphic to a complex torus. 

(3) f2ifu/(r) = C* x C* 7 r is a finite extension of a group isomorphic to Z 2 and 
where each element is a diagonal matrix. Moreover, Qk u i(T)/T is a finite 
covering (possibly ramified) of a surface biholomorphic to a complex tiorus 

Remark 0.3. If Sl/T is a Hopf surface then by Theorem 11.81 and corollary 14.141 it 
follows that r is virtually a cyclic group generated by an affine contraction 7 and 
in such case the maximal domains of discontinuity are described by corollary |4.8l 

Theorem 0.4. Let T < PSL^IC) be a quasi co-compact, affine and non elemen- 
tary group over ft, then £Ikui(X) is the largest open set on which T acts properly 
dis continuously, in particular £1 is contained infix u i(T). Moreover, up to projective 
equivalence, one of the following assertions applies: 

(1) f2/f u ;(r) = C x (H - UH + ), r is an extension of order at most 2 ( i.e., the 
index [T; Isot(<C x H, T)] < 2) and Isot(C x H, T) is a torsion free group of 
Solg or Solf or Sol 1 -^ . In addition , Qk u i(T) /T is equal to M or M U M 
where M = (C x W)/Isot(C x H, T) is an Inoue Surface. 

(2) f2if„;(r) = D x C* where D cPj is the discontinuity region of a quasi co- 
compact group of Mob(C), T is a controllable group with quasi co-compact 
control group and infinite kernel. In addition, Q,Kui(F)/T = \_\ ieI iVj where 
X is at most countable, Ni are orbifolds whose universal covering orbifold is 
biholomorphic toixC and every compact connected component is a finite 
covering (possibly ramified) of an elliptic affine surface. 

Remark 0.5. If T < P5La(C) is a co-compact fuchsian group then by Theorem 
11.41 one has that Slx^r) = H 2 , is the largest open set on which T acts properly 
discontinuously. 

This paper is organized as follows: in section [T] we review some facts about 
group actions, projective geometry, geometric orbifolds and introduce some termi- 
nology and notations. In section [2] we provide a lemma that connects the notions of 
developing pairs and groups acting properly discontinuously over domains. In sec- 
tion [3] we show that the complement of the equicontinuity region and the limit set 
in the sense of Greenberg coincide for non-discrete groups of PST^C). The main 
reason to include this material here lies in the fact that the understanding of the 
dynamics of controllable groups (see subsection I4.3|) , is " reduced" to the study of 
certain Mobius groups acting on a projective line (see lemma l4.12|) . some of which 
could be non-discrete (see example I4.11[) ; in these conditions, by looking at the 
equicontinuity region of such groups, it is possible to describe the equicontinuity 
domain of the corresponding controllable group. 

The basic properties of groups acting properly discontinuously over domains are 
given in section |U Using the results of the previous sections, we give in section 
[S] a complete proof of Theorem 10. 1[ our main result. Section [5] deals with some 
technical aspects on finite orbifold maps over Inoue and elliptic affine surfaces, to 
be used in the proofs of the consequences of Theorem lO.li which are given in section 

ra 

Finally, in section [8] we construct an example of a kissing Schottky group which 
is not fuchsian, affine nor elementary. This shows that Theorem 10 . 1 1 fails if we drop 
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the condition of being quasi co-compact. We also give in this section an example 
of a quasi co-compact group which is elementary but not affine. In both cases 
we prove the corresponding statements by using results of the previous sections to 
study the limit sets and discontinuity regions of the corresponding groups. 

1. Preliminaries 

1.1. Projective Geometry. We recall that the complex projective plane is 
(C 3 — {0})/C*, where C* acts on C 3 — {0} by the usual scalar multiplication. 
This is a compact connected complex 2-dimensional riemannian manifold, naturally 
equipped with the Fubini- Study metric. 

Let [ ]2 : C 3 — {0} — + P 2 be the quotient map. If (3 = {ei, e2, 63} is the standard 
basis of C 3 , we will write [ej]2 = £j arid if w = (wi, w%, W3) € C 3 — {0} then we will 
write [w}2 = [wi; W2; W3]. Also, £ C P 2 is said to be a complex line if \£\^ X U {0} is 
a complex linear subspace of dimension 2. Given p, q € P 2 , distinct points, there is 
a unique complex line passing through p and q, such line will be denoted by p, q. 
Moreover, if £1, £2 are different complex lines then it is verified that £\C\£2 contains 
exactly one point. 

Taking H 2 , = {[a;b;c] £ P| :| a | + | b \<\ c |}, it is not hard to show that H 2 , 
is biholomorphic to the unitary ball in C 2 , effl^ is diffeomorphic to the 3-sphere 
and for each point in effl^ there is exactly one complex line tangent to effl 2 , passing 
through p. 

Consider the action of Z3 (viewed as the cubic roots of the unity) on SLs(C) 
given by the usual scalar multiplication, then PSL3(C) = SLs(C) /Z3 is a Lie 
group whose elements are called projective transformations. Let [[ ]]2 : SX3(C) — > 
PSL 3 (C) be the quotient map, 7 £ PSX 3 (C) and 7 6 GL 3 (C), we will say that 
7 is a lift of 7 if [[Z?ei(7)~ 1 / 3 7]]2 = 7. Also, PSLs(C) is a Lie group that acts 
transitively, effectively and by biholomorphisms on P 2 , by [[7]]2([w]2) = [7(w)]2, 
where w G C 3 — {0} and 7 S SL^C). Also it is possible to show that projective 
transformations take complex lines into complex lines. 

1.2. Group Actions. Let G be a group acting on a space X, g € G and A C X 
a subset. We define Isot(A,G) = {g e G : g(A) — A}, by GA we will denote the 
orbit of A under G and by Fix(g) the set of fixed points of g. We will say that the 
action of G is locally faithful, if whenever f,g€G agree in some open set, then it 
is verified that / = g on X. 

Definition 1.1. Let F < PSI^C) be a subgroup. We define (following Kulkarni, 
see [S]): 

(1) Lq(T) as the closure of the points in P 2 , with infinite isotropy group. 

(2) ii(r) as the closure of the set of cluster points of Tz where z runs over 
P^ — Lo(r). Recall that q is a cluster point for TK, where K C P 2 - is 
a non-empty set, if there is a sequence (fc m )meN C K and a sequence of 
distinct elements (7 m )meN C T such that J m (k m ) „ wc > q. 

(3) ia(r) as the closure of cluster points of TK where K runs over all the 
compact sets in P 2 , - (L (r) U L X {T)). 

(4) The Limit Set in the sense of Kulkarni for T is defined as: 

A M (r) = L (r)uL 1 (r)uL 2 (r). 
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(5) The Discontinuity Region in the sense of Kulkarni of T is defined as: 

n Kul {r) = v 2 c ~A Kul (T). 

We will say that T is a Complex Kleinian Group if f2/f u ;(r) 7^ 0, see [18] . 

One has the following three results that we will use later. 

Theorem 1.2 (J. P. Navarrete, see [13]). Let 7 € PSL 3 {C) and 7 € SX 3 (C) &e a 
lift of j. The limit set in the sense of Kulkarni for the cyclic group generated by 7 
(denoted < 7 > ), in terms of the Jordan's normal form 0/7, is given by: 



Normal Form 
of 1 


Condition over the 
As 


io(< 7 » 


Ll« 7 » 


^2(< 7 >) 


V 1 J 




{ = 1} 


{^l} 


«1 , e 2 




A^ — A2 — A3 — 1 
for some n . 











I Ai \ 

A 2 
V A3 ) 

Ai A2 A3 — 1 


•^1 — -^2 — 1 and 
A3 7^ 1 for all n. 

1 ^3 l#l ^1 1 — 1 ^2 |) 

| A 2 1 arid 

A" — A 2 /or some n. 

A3 |^| Ai | = | A 2 |, 
| A 2 |^ 1 and 
A"A 2 n 7^ 1 /or a// n. 

1 Ai |<| A 2 K| A3 | . 


? 

ei , E2 U {e 3 } 
{ei, e 2 , e 3 } 
{ei . e 2 , e 3 } 


P 2 

ei , e 2 U {e 3 } 
ei, e 2 U {e 3 } 
{ei , e 2 , e 3 } 




ei , e 2 U {e 3 } 
El, e 2 U {e3} 
ei , e 2 U e 2 , e3 


/ Ai 1 \ 

Ai 
V A" 2 j 


A™ = 1 for some n. 

| A 1 — 1 and A™ 7^ 1 
/or aii n. 

1 Ai |# 1. 


ei, e3 
{ei, e 3 } 
{ei, e 3 } 


{ei} 
{<=1 • e 3} 


{ei} 
{ei} 

^1 , e2 U , 63 



We recall that the limit set of T < PU(2, 1) in the sense of Chen-Greenberg, 
denoted AcgQ?)j is the set of cluster points of an orbit Yz, where z is any point in 
Hp. And it satisfies (see [3]): 

Theorem 1.3 (Chen-Greenberg). Let T < PU(2, 1) be a discrete group, then it is 
verified that: 

(1) Let Card(A) denote the number of elements in a set A, then Card(AcG(^)) 
is 0, 1, 2, or 00. 

(2) If Card{K CG {T)) = 00, then Tz = A CG (r) for every z £ A CG (T). 
One has the following Theorem of [12] . 

Theorem 1.4 (J. P. Navarrete). Let T < PU(2,1) be a discrete group. One has: 

(1) AA' M ;(r) = UpeAccCr) Tp> where T p is the line tangent to at p. 

(2) 7/ Card( Ac(j(r)) = oo, then f2#- u ;(r) is the largest open set on which T 
acts properly dis continuously. 

Proposition 1.5. Let T be a complex kleinian group. The following properties are 
valid (see [13] ): 
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(1) r is discrete and countable. 

(2) Aif„i(r), Lo(r), Li(r), L2(T) are closed invariant sets. 

(3) r acts properly dis continuously on Qk u i(T). 

(4) Let C C be a closed T -invariant set such that Lq{T)\J L\{T) <Z C and for 
every compact set K C — C, the set of cluster points ofTK is contained 
in L Q (T) U Li(r), then A K ui(T) C C. 

1.3. (X, G) orbifolds. Let us make a brief summary of the material in 0], which 
was introduced by W. P. Thurston. Let G be a Lie group acting effectively, tran- 
sitively and locally faithfully on a smooth manifold X. An (X,G)- orbifold O is a 
Hausdorff space Xq with a countable basis and some additional structure. More 
precisely O is covered by an atlas {Ui, T{, 4>i, Ui\i^i of folding charts each of which 
consist of an open set Ui C X, a finite group Ti < G that leaves invariant Ui, an 
open set Ui C O and a homeomorphism ^ : Ui — > Ui/Ti called folding map. As 
for a manifold, these charts must satisfy a certain compatibility condition. Namely, 
whenever Ui C Uj, there is a group morphism : Ti <— > Tj and (j)^ £ G with 
4>ij(Ui) C t/j and <p i: j('yx) = fijirfifiijix) f° r every 7 6 Ti, such that the diagram 
bellow commutes 

(1-1) Ui Ui/Ti Ui 

h i 

Uj Uj/f^Ti) Ui/Ti ^ ^. 

A point y £ Xq is called singular if there is a folding map of x say <f> : Ui — > Ui/Ti 
(that is x £ Ui) such that there is z £ Ui that verify TiZ = 4>{x) and Isot{y,Ti) is 
non trivial. The set Sq = {y £ Xq : y is a singular point} is called the Singular 
Locus of O. We shall say that O is an (X, G)-manifold if So = 0. 

Let M,N be two (X, G)-orbifolds. A continuous function / : Xm ~ * Xm is 
called an (X, G)-map if for each point y £ N, a folding map for x, <f>i : Ui — > Ui/Ti, 
and y £ f~ 1 (x), there is a folding map of y, <j)j : Uj — * Uj/Tj, and -d £ G with 
C C/i, inducing / equivariant with respect to a morphism tp : Tj — > The 
map / is called an (X, G)- equivalence if / is bijective and /, / _1 are (A, G)-maps. 
Moreover, / is called an (X, G)-covering orbifold map if / is a suprajective (X, G)- 
map such that each point x £ N has a folding map <pj : Uj — > Uj/Tj so that each 
component Vi of f~ x Uj has an homeomorphism (f> i : Vi — > Uj/T; L (in the orbifold 
structure) where P^ < Tj. We require that the quotient map Uj — » Vi induced by 
4>i composed with / should be the quotient map Uj — > [7j induced by ^. Also, if 
p : Af — > JV is a covering orbifold map with M a manifold, we will say that p is a 
ramified (respectively unramificd, finite) covering if £jv ^ (respectively Sat = 0, 
p _1 {y) is finite for every y £ N). 

If M is a simply connected (X, G)-manifold, then it is possible to show that there 
is an (X, G)-map V : M — > X. Moreover, if D : M — > X is any other (X, G)-map, 
then there is a unique g £ G such that T> = g o D. Also one has that there is a 
unique group morphism Ht> ■ Autrx,G){M) — > G, where Aut(x,G){M) denotes the 
group of (X, G)-equivalences of M, that verify Dog — H.v{g) D. Trivially, if 
D is another (X, G)-map, then there is a unique g £ G such that T> = g o D and 
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Hv = g o Hd ° g^ 1 ■ Every (X, G)-map T> : M — * X will be called developing map 
and the respective Ht> the holonomy morphism associated to T>. 

Given an (X, G)-orbifold M, we will say that M is a good orbifold (respectively 
a very good orbifold) if there exist a covering orbifold map p : M — ► M such that 
M is an (X, G)-manifold (respectively a compact (X, G)-manifold) . 

Theorem 1.6 (Thurston [4]). If M is an (X, G)-orbifold then M is a good orbifold. 
Moreover, there is a simply connected manifold M and a (X,G)- covering orbifold 
map, with the following property: If q : O — > M is another (X, G)-covering orbifold 
map, * G Xm, *' € Xjj and z G Xq satisfy q(z) = p(*') = *, then there is a 
(X, G)-covering orbifold map p' : M — > O such that p = q o p 1 and p'{*') = z. 

It is natural to call M the universal covering orbifold of M, p the universal cov- 
ering orbifold map and 7r^ )rf, (M) = {g G Aut(x,G)(M) : p o g = p} the fundamental 
orbifold group of M. Also, if I? : M — > X is a developing map and 7i the holonomy 
morphism associated to T>, then (T>,Ti \ v orb) will be called the developing pair 
associated to M. 

Corollary 1.7. Let M be a compact (P|., PS L^(C))- orbifold, then M is a very 
good orbifold. 

Proof. Let D be any riemannian metric on the orbifold M and let D be the 
pullback of D to the universal covering orbifold M, then D induces a metric d 
on M compatible with the topology. Since M is compact, one can show that 
(M, d) is a length space geodesically connected, geodesically complete and such 
that 7rf rh (M) acts as subgroup of isometries, see [TJ[16]. Thus 7rf rb (M) is finitely 
generated, see [16]. Now, if (D,H) is a developing pair for M, by Selberg's 
lemma (see [16]), Ti.{-Ki rb (M)) has a normal subgroup H torsion free with finite 
index. Thus H = TL^ 1 {H) is a normal subgroup of nf rh (M) with finite index 
and we claim that that H acts freely on M. Otherwise, let x G M such that 
Isot(x, H) is non trivial, thus Isot(x, H) C Ker(H.) and there is an open neigh- 
borhood W of x which is Isot(x, i?)-invariant and such that T> \w is injective, 
hence D(g(z)) = T>{z) with g(z) G W for all z G W and any g G Isot(x, H), 
that is Isot(x,H) = {Id}, which is a contradiction. Therefore N — M/H is a 
(P^,PS' J L 3 (C))-manifold and T = 7r? rb (M)/H is a finite group that acts on N by 
Hg(Hx) = \gx trivially T < Aut {P 2^p SLa{c)) (N). Let <p : M/^ rb (M) — > N/T be 
defined by <p(n? rb (M)x) = T(Hx), then ip is an (Pg , P5L 3 (C))-equivalence. And 
since Gard(r) < oo is finite and N/T compact we conclude that N is compact. | 

From corollary 11.71 we see that the results of Inoue, Kobayashi, Klingler, Mok, 
Ochiai, Yeung et al for compact (Pg, PS'Ls (C))-manifolds (see [3 [8]), can be ex- 
tended to compact (P^, PSZ^C^-orbifolds as follows: 

Theorem 1.8. Let M be a compact (P^, PS 'L^C)) -orbifold, then M is of one of 
the following 8 types. 

(1) M = P£. In this case V = Id and H(ir? rb (M)) is finite. 

(2) M = B.^. In this case V = Id and H(Tr? rb (M)) < PU(2, 1). 

(3) M = C 2 - {0}. In this case V = Id, H(Tr? rb (M)) < Af(C 2 ) contains a 
cyclic group of finite index generated by a contraction and M is a finite 
covering (possibly ramified) of a Hopf surface. 
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(4) V(M) = C* x C*. In this case H(-K? rb (M)) < Af 3 (C 2 ) and M is a finite 
covering (possibly ramified) of a surface biholomorphic to a complex torus. 
Moreover, ifY, M = one can say that H{-K\{M)) < Af{C 2 ). 

(5) V(M) = C x C*. In this case 7i{^ rb {M)) < Af 2 (C 2 ) has a subgroup of 
finite index contained on A\ or Ai and M is a finite covering (possibly 
ramified) of a complex a surface biholomorphic to a torus. Moreover, if 
S M = one can say that H(%i(M)) < Af(C 2 ). 

(6) V(M) = C 2 . In this case H(n? rb (M)) < Af(C 2 ) contains an unipotent 
subgroup of finite index and M is a finite covering (possibly ramified) of a 
a surface biholomorphic to a complex torus or a primary Kodaira surface. 

(7) M = C x H = T>{M). In this case M is a finite covering (possibly ramified) 
of an Inoue Surface. Moreover, if Sm = we can say that M is an Inoue 
surface and TUtt \{M)) < Af(C 2 ) is a torsion free group contained on SoIq 
or Solf or Sol[ . 

(8) M is biholomorphic to C x M. In this case there are A, B : H — ► C holo- 
morphic maps and fx G C* such that V(M){w,z) = (A(z)e w », B{z)e w ^), 
n(Tr? rb (M)) < Af(C 2 ), i:? rb (M) < Bihol(C x H) contains a subgroup of 
finite index S which admits the presentation: 



< a%,bx, . . . ,a g ,b g ,c,d : c,d in the center and [aj, bf\ — c r > 



where 2 < g, r G N and M is a finite covering (possibly ramified) of an 
elliptic affine surface. 



2. Projective Structures and Projective Groups 

Lemma 2.1. Let T < PSL^C) be a group acting properly dis continuously over 
a non empty, Y -invariant domain £1, then there is a developing pair { r D,TL) for 
M = fi/r such that V{M) = Q and H{-K^ rb {M)) = V. 

Proof. Step 1. -Construction of V - Let P : M — > M be the universal covering 
orbifold map, q : — ► M be the quotient map, m G Xm -Sjy, m G M and x G O 
such that P(m) — q{x) = rn. By Theorem 1 1 . 61 there is a (P 2 ,, PS'L3(C))-covering 
map T> : (M, m) — ► (17, x) such that qoV = P. 

Let i : Vt — > P 2 be the inclusion map, then V = ioV is an (P^, PS'L3(C))-map. 

Step 2. -Construction of H- Let g G vrf rt (M). Since q(D(g(rh))) = q(x), we 
deduce that there is g G T such that g(x) — T>(g(m)). Since Isot(x,F) is trivial we 
conclude that g is unique. Define H : irf rb (M) — > T by TL{g) = g. 

Step 3. -V o g = H(g) o V- Let g G 7rf rb (Af). By Theorem [L6] there is a 
(P 2 ;, PS , L 3 (C))-map S : (M, m) — > (M, fh) such that VogoS = H(g) o V. Hence, 
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the following diagram commutes: 

(M, m) (M, m) 



(M, m) 



(fi,a:) 




(M, ff (m)) 



(fi,23( ff (ar))). 

By Theorem 11.61 we conclude that S" = Id A ~ r 

Step 4. -7i is a group morphism- Let g,h £ Trf rb (M), then 7i(f;) o Ti(h)(x) = 
n{g){V(h(m))) = V{g(h(m))). That is H(g a h) = H(g) o H(h). 

Step 5. -V(irf rb (M)) = T- Let g e L and z G M such that V{z) = g[x). By 
Theorem [L6l there is an (P£, PSL 3 (C))-equivalence <? : (M, m) — * (M,z) such 
that T> o g — g oT>. Thus the following diagram commutes: 



(M,m) 



(M,z) 



(n,x 




<?(*))• 



That is, g S tt^^M) 



Corollary 2.2. Lei T, f2, m, x, m, P, g, I? and Ti. be as in lemma [Ol t/ien we 
ftcwe the following exact sequence of groups: 







■Tri(fi) ^7r? rt (Af) 



H 



0, 



where j is the inclusion induced by the following commutative diagram: 

g 




Proof. Since Ti. is an epimorphism we only have to show that Ker(Tl) — 7Ti(f2). 

Step i. -7ri(0) C Ker(H)- Let .g S 7Ti(fi), then V(g{m)) = V(m) = Id(x). By 
the definition of H we conclude that 7Ti(0) c Ker{Ji.). 



10 



ANGEL CANO 



Step ii. -Ker(H) C 7ri(f2)- Let g € Ker(H), then Vog = V. Since V is covering 
and M is simply connected the result follows. | 

3. On the Equicontinuity Region for Subgroups of PSL 2 (<C) 

As we will see in lemma 14.121 an information which is necessary for the descrip- 
tion of the dynamics of lines in the case of control groups, is the description of the 
equicontinuity region of non-discrete groups of Mobius transformations. Thus, in 
the following subsection we will focus on the description of such sets. 

Consider the following definition: 

Definition 3.1. Consider the usual identification of PSL 2 (C) with the isometry 
group of the hyperbolic 3-space H 3 and the respective identification of Pj. with the 
sphere at infinity E of H 3 , then for every group T < PSL 2 (C) its limit set in the 
sense of Greenberg (see [5]), denoted £(r), is defined to be the intersection of E 
with the set of accumulation points of any orbit in H 3 . 

The main purpose of this section is to show that the complement of £(r) coincides 
with the region of equicontinuity of T, and if T is non-discrete, Card(£(T)) > 2 
and its equicontinuity region is non empty, then £(r) is a circle. The main tools to 
prove these statements are the following results due to Greenberg (see Theorem 1 
and Proposition 12 in [5]): 

Theorem 3.2. Let G be a connected Lie subgroup of the group PSL 2 (C) and 
consider the usual identification of Pj. with the sphere at infinity of the hyperbolic 
space H 3 , then one of the following assertions is satisfied: 

(1) The elements of G have a common fixed point in H 3 while G itself is con- 
jugate to a Lie subgroup of 0(3). 

(2) The elements of G have a common fixed point in P^. 

(3) There exists a hyperbolic straight line i C H 3 such that I is G-invariant. 

(4) There exists a hyperbolic plane L C H 3 such that L is G-invariant. 

(5) G = PSL 2 {C). 

Theorem 3.3. Let T < PSL 3 (C) be a subgroup with CW(£(P)) > 2, then £(T) 
is the closure of the loxodromic fixed points. 

3.1. Basic Definitions and Examples. 

Definition 3.4. Given T < PSL 2 (C) an arbitrary subgroup then, its equicontinu- 
ity region, denoted Eq(T), is defined to be the set of points z 6 P^ for which there 
is an open neighborhood U of z such that r \ jj is a normal family. 

Remark 3.5. Clearly the following properties hold: 

(1) Fix(y) CP^- Eq(T) if 7 e T is non elliptic. 

(2) Eq(T) = Eq(T). 

(3) Eq(T) is an open T-invariant set. 

Example 3.6. Let g E Mdb{t) be dfined by g(z) = -z and set Mdb(W) =< 
PSL 2 (R), g >, then one has that Eq(Mdb(W)) = C — R = Pj- — £(T). 

Example 3.7. Let h G Mdb(C) be dfined by h(z) = z^ 1 and set Rotoo = {T(z) = 
az : a S S 1 } and Dih^ =< Rotoo, h >, then Eq{Rot OQ ) = Eq{Dih OQ ) = Fj. — 
£(P) = Pi . 
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Example 3.8. Set Epa{C) = {7(2) G Mo6(P^) : 7(00) = 00 and < ir 2 ( 7 ) < 4}, 
then Eq{Epa{C)) = P£ - £(T) = C. 

Example 3.9. Define Mdb(C*) =< {T(z) = az : a G M*},Dift,oo >, then 
Eq(Mdb(C*)) = Pj. - £(T) = C*. 

3.1.1. The Cr Group. Sine the following example is a little bit more sophistated 
we have created this paragraph. Whose main purpose is to describe its geometry 
as well as some of its basical properties. 
Let p < and t p (z) = |5f • Define 



Cr{p) = < RotacTp 1 Rot 00 T p >, 
then the following properties hold: 

Properties 3.10. (1) For each z £ Pj, one has that Cr{—l)z = 
(2) 



Cr(-l) = { € Mdb(C) :| a | 2 + | c | 2 = 1 

d3 



In other words Cr(— 1) is diffeomorphic to 

(3) Cr{— 1) is a purely elliptic group. 

(4) £a(CM-l))=pi. 

(5) TTie Zimit set in i/ie sense of Greenberg for Cr(— 1) is empty. 



(6) -For eac/i p < t/iere are 2: p G C and 7 p S Cr{p) such that < Rot^, j p > — 
Cr(p) and Fix( 7p ) = {z p ,—z p }. 

(7) For each p < one /las i/iai Cr(— 1) is conjugate to Cr(p). 

Before we prove the preceding properties we will state and prove the following 
technical lemma: 

Lemma 3.11. Let j(z) — ^z+d ' ™^ a d — be — 1, be an elliptic element such that 
Fix("f) = {l,p} C P. The following properties hold: 

(1) a — d if and only if p G R. 

(2) If p G K i/ien: \ a \— 1 if and only if p = 0. 

(3) If p G M i/ien: | a |< 1 if and onZy if p < 0. 

Proof. First at all, since 7 is elliptic we can ensure that there is A = e 7 ™'' such that: 

pA-A ^ , p(A-A) 

(3.1) 7 (z)= ^ 



A-A ^ ^_ pA-A 



p— 1 p—1 

(JlJ By equation (|3.ip we have that: 

,„ 0A pA- A pA - A 4Iro(A)Im(p) 

3.2) o = ± — ;<2 = ± — ; Re(a-d = =F — i 7"i2 — ■ 

p—1 p — 1 I p — 1 | 2 

This implies the result. 

(2]| and ([3]) By equation l3.2l we have that | a |< 1 is equivalent to | pX— A |<| p—1 
which is equivalent to ApIm(X) 2 < 0, whic proves the statement. | 

Proof of properties \3.1(A 

Q Let z G Pc, by Owe have that: 



^ cos{no) J 



.U 00. 
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Rotoo(iR U oo) = {ar : r £ K, a £ S 1 } U {00} = P^. 

© Let 6, i9 € K - Q and take r x (z) = e 27r ' e z and: 

cos(7n?)z + isen(ir&) 
^ 2 isen(n{))z + cos(n'd). 

Then < r y 1 > = Rotoo and < 7 2 > = rZii2otoaT-i- To establish the contention 
C will be enough to show it for elements in < 7 l7 7 2 >, which we will do by 
induction on the length of the reduced words (recall that w — w„ n ■ ■ • w^w^ 1 £ T 
is a reduced word of length n if Wj £ {■y 1 , . . . , 7 2 }; Ej £ { — 1, +1} and if Wj = Wj+i 
then Ej — £j+i)- The case n = 1 is trivially attained. Now, let w — wl 1 ■ ■ ■ w e ^l 
be a reduced word, by the inductive hypothesis there are a,b,c,d £ C such that 
I a | 2 + I c | 2 =| b | 2 + I d | 2 = 1 and: 

And an easy calculation shows: 

, . (ab — cd)z — (ad + be) 

w(z) = —— = 

(da + bc)z + ab — dc 

Which conclude this part of the proof. 

Let t(z) = with | a \ + | c |= 1, and observe that the set of fixed points 

for 7 is given by: 



Im(a) ± Jl-Re 2 (a) 

P± = « , 

c 

clearly we have p+p^ = — 1. In particular we have shown that for every element 
7 £ Cr(—1) there is z £ C* such that Fix(j) — {z, — z -1 }. On the other hand by 
(flj there is an element 7 £ Cr{— 1) such that 7 (oo) = p + . Since F«x(7 7 1 7q 1 ) = 
{7o(0), 7 (oo)}, it follows that 7 (0) = p_ and in consequence 7 ( 7 1 'H'o G Rotoo, 
which concludes the proof. 

|2l This follows immediately from[2j 

Q Let (7 m )meN C Cr(— 1) be a sequence. By part of the present lemma 
there are sequences (a m ) me N, (c m ) m gn C C such that | a m | 2 + | c m \ 2 — 1 and 

/ \ "m Z Grn 

lm( Z ) = -=• 

CffiZ T" Cljji 

Hence there are subsequences (b m ) meN C (a m ) meN , (d m ) meN C (c m ) m£ N and com- 
plex numbers b, d £ C such that 6 m m ^ ( > 6, d TO m->c g Thus: 

6 m z - d m 6z - d - 
= 5- =. umtormlv on <L, 

ct m z + b m dz + b 

Which concludes the proof. 

||SJ) By Theorem 13.21 and part of the present proof, one has that Cr(— 1) is 
conjugated to a subgroup of 0(3); hence £(Cr(— 1)) is empty 

© Let a, c : (0, 1) -> C given by: 
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Then by equation 13. II we can ensure that 4> : (0, 1) — * r _ 1 i?oi 00 T-i given by: 



c(x)z + a(x) 

defines a local chart. Moreover one has: 

Re ( d ^ X) (q) ) = x, for each q £ Fix((f)(x)). 
\ dz J 

Ml 2 

i(ie) 2 



Now, since t^z) = ^ a ff J 2 Z S Cr{p) we conclude: 



a(a:) |pc(x) 



Set Fix(j x ) = {z x , w x }, then by a simple calculation we can show: 



jj a(x) | y/1- | a(x) | 2 
c(x)a(a;) 

^e(7 a .(z a; )) = Re{j x (w x )) = — . 

Define 

/: (0,1) -(-1,1); 
-8px 2 +p 2 + 6p+ 1 



/(*) = 



(p-l)* 



and C/r = {x S (0, 1) : a; ± ivl^x 2 is a root of the unity}, then by a simple 
inspection we conclude that / injective and Ur is a countable set. Thus one has 
that Ur\Jf~ l (Ur) is a countable set. To conclude, take r € (0, 1) - ({7rU/ _:L (f/r)) 
and set 7p = 7 ro . 

(J7J| Let p < 0. By part (U|) of the present we there is 7 p € Cr(p) such that 
< i?,oi 00 ,7 p > = Cr(p) and the set Fix(j p ) = satisfy tu p = — z p . Set 

k(z) = w p z, then K~ 1 Rot 00 n — Rot^ and < K~ 1 j p n > — TZ\RotooT-i. Thus 
K- x Cr(p)K = CY(-l). | 



From now on Cr(— 1) will be denoted by Cr. 

3.2. Elementary Groups. The main goal of this subsection is to show that ev- 
ery non discrete group with non-empty equicontinuity region is a subgroup of: 
Dihaz, Epa(C), Cr, Mdb(R), Mdb(C*) (see subsection l3TTj) . Our first step to show 
this assertion is to classify the groups with an equicontinuity set such that its com- 
plement contains at most 2 points (such groups will be called elementary as in the 
discrete case). To do this we will use the following technical lemmas: 

Lemma 3.12. Let 7x>7a ^ PSL2( < C) be elliptic elements with infinite order and set 
Fix^i) — {21,22}) Fix{^ 2 ) — {wi,W2}. If the cross ratio satisfies [zi; z 2 ; wi; W2] € 
C — (R_ U {0}), then < 7 l7 7 2 > contains a loxodromic element. 
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Proof. Since Mobius transformations preserve the cross ratio we can assume that 
Fix^-i) = {0,oo} and Fix{^ 2 ) = {l,p} with peC - (R_ U {0}). Hence there are 
G R — Q, a, b, c, d G C such that ad — be — 1, 7x(^) = A 2 z and 

. . az + b 

72(2) = —7) 

cz + a 

where A = e nl9 . Without loss of generality we can assume that a ^ 0. Now, let 
(n m )meN ^ Hmei be a subsequence such that A" m m->d > then: 

7i m 7 2 ^ /(*) = ^jff^ ' uniformly on Pfe. 

\a\ + |o[ 

If / is loxodromic the result follows easily, thus we may assume that / is not 
loxodromic. In virtue of lemma [3. Ill and since: 

,2 ( ad^ 2 

we deduce that r — da,^ 1 € E — {1}. On the other hand, since < Tr 2 (7 1 ) = 
(a + d) 2 , we conclude a + rf G K and in consequence = Im{\ — r)Im(a) which 
implies a, d G K. Define H : S 1 — > K by (z) = (a 2 — d 2 )Im(z) and observe 
that H(\ n ) = Jm(Tr 2 (7 , 1 i 7 2 )). To conclude observe that = -rf + a and 

We will use also the following well know results, see [10] p. 11, 12 and 19: 

Lemma 3.13. Two non trivial elements f,g € PSL2(C) commute if and only if 
either they have exactly the same fixed point set, or each is elliptic or order 2, and 
each interchanges the fixed points of the other. 

Lemma 3.14. Let f.g G PSL2(C) be such that f has exactly two fixed points 
and f,g share exactly one fixed point, then fgf~ 1 g~ 1 is parabolic. Moreover, is 
f is loxodromic, then there is sequence (7 m ) m eN contained in < f,g > of distinct 
parabolic elements such that j m m ^ e > Id uniformly on Pj.. 

Corollary 3.15. Let V < PSL2(C) be a subgroup, then: 

(1) Eq(T) = Pj- if and only ifT is finite or is conjugate to subgroup of Dihoa 
or Cr, where Dih^ and Cr are as in examples \3.7\ and\37T7J\ respectively. 

(2) Eq(T) is C up to a projective transformation, if and only ifT is conjugate to 
a subgroup T* of Epa(C) such that contains a parabolic element, where 
Epa(C) is as in examvle \3.£\ 

(3) Eq(T) is, up to projective transformation, C* if and only ifT is conjugate 
to a subgroup T* of Mdb(C*) such that T* contains a loxodromic element. 

Proof. ([T]) Let T be an infinite group. By the remark T3.5l we must only consider the 
following cases: 

Case 1. 0(7) < 00 for all 7 G T — {Id}. Under this hypothesis, Selberg's lemma 
and the classification of the finite groups of PSX 2 (C), see [10], we deduce that 
B = {< A >: A is a non-empty finite subset of T} is an infinite set where each 
element is either a cyclic or a dihedral group. From this and lemma 13. 131 it is easily 
deduced that T is conjugated to a subgroup of Dikx,. 
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Case 2. r contains an element r y 1 with infinite order. By lemma 13.121 and lemma 
13.131 we deduce that in case of Fix(j) = Fix^i) for each element 7 6 T with 
= 00 it is deduced that j^Fix^^) = Fixi^f^ for each 7 G T with 0(7) < 00. 
Hence T is conjugate to a subgroup of Dih^. Thus we may assume that there is an 
element j 2 with infinite order and such that Fixfyi) 7^ Fix(j 2 ). Thus from remark 
13.51 and lemmas fa-Ill 13.121 we can assume that Fix(j 2 ) = {0, 00}, Fix(j 2 ) = 
where p < 0. Thus < r y 1 , j 2 > = Cr{p). By ([7]) of properties 13 . 1 . II we can assume 
that p = — 1. Finally, if 7 3 € T is another element by remark 13~5l the proof of ((T|) 
of properties 13.101 of 13.101 and lemma 15.141 we deduce that there is z G C such 
that Fix(7 3 ) = Thus from the proof of {J) of properties 13. 10113.1. II we 

deduce that 7 3 G Cr. That is, we have shown that T is conjugate to a subgroup of 
Cr. 

((2]) and ([3|) follow easily from Remark 13.51 | 

From the proof of corollary 13.151 one has: 

Corollary 3.16. Let T < PSL 2 (C) be an infinite closed group, then T is purely 
elliptic if and only if Eq(T) = Pj.. 

3.3. Non-elementary Groups. 

Corollary 3.17. Let V < PSL 2 (C) be a group and H C T an infinite normal 
subgroup, such that Card(2(H)) =2,0 and H is not conjugate to a subgroup of 
Cr, then T is elementary. 

Proof. By the proof of corollary 13.151 we deduce that there is a if-invariant set 
V with Card(P) = 2 and with the following property: If 1Z is another finite H- 
invariant set then 1Z C V. Since H is a normal subgroup it is deduced that Hg{V) = 
g{V) for all g G T. Which implies that V = g(V). | 

Lemma 3.18. Let 7 l5 7 2 G PSL 2 (C) be parabolic elements such that Fix(p/{) fl 
Fix{^ 2 ) = 0, then < 7 l5 7 2 > contains a loxodromic element. 

Proof. Without loss of generality we can assume that 7i(#) = z + a and "f 2 {z) = 
for some a, (3 G C*, then Tr 2 (7 2 n 7l ) = (ma/3 + 2) 2 ^^-^ 00. That is 7 2 n 7 1 

is loxodromic for m large. | 

Corollary 3.19. Let T < PSL 2 (<C) be a non- elementary subgroup, then T contains 
a loxodromic element. 

Proof. Assume that T does not contain loxodromic elements, then by corollarv l3.16l 
and remark 13.51 we deduce that T contains a parabolic element 7 . Assume that 
00 is the unique fixed point of 7 . By lemma 13.181 we conclude that roo = 00 . 
In consequence every element in T has the form az + b with | a \= 1. That is 
r < Epa(C). Which is a contradiction by (J2|) of corollarv l3.15l | 

From this corollary and standard arguments, see |10j . we can show the following 
corollaries: 

Corollary 3.20. Let T < PSL 2 (C) be a non elementary group, then Pj. — Eq(T) 
is the closure of the loxodromic fixed points. 

Corollary 3.21. Let T < PSL 2 (C) be a non elementary subgroup and define 
Ex(T) = {zeP' - Eq(T) : Tz ^ P^ - Eq(T)}, then Card{Ex{T)) = 0, 1. 
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Corollary 3.22. Let Y < PSL 2 (C) be a subgroup and C f Ex(T) a closed T- 
invariant set. Then £(T) C C. 

Corollary 3.23. Let Y < PSL 2 (C) be a group, then Eq(T) = Pj. - £(r). 

Lemma 3.24. Let Y < PSL2{C) be a purely parabolic closed Lie group with 
dim^(Y) = I, and 7j7 2 G PSL 2 (C) be loxodromic elements such that Too — 
7i(oo) = 7 2 (oo) = oo and Fix(j 2 ) <£ T(Fia;(7 1 )), then Y = {7 G< r,7 1 ,7 2 >: 
TV 2 (7) = 4} is a lie group with dimg.(Y) = 2. 

Proof. On the contrary assume that dim^(Y) = 1. Without loss of generality we 
can assume that: 

7i0) = t 2 z; 

-f 2 ( z ) = fl2z + a b', 
Y = {z + r : r G R}. 

Hence 72^2 = {z + t 2 r : r G R}, 7^7^ = {z + a 2 r : r € R}, which implies 
that a 2 ,t 2 G R. On the other hand, observe that for all n S Z we have that: 
lil2li n l 2 1 { z ) — z + a.b(t 2n - 1). Thus we conclude that {z + abr : r G R} C< 
r, 7i, 72 > and in consequence ab G R. This is a contradiction since ab(\ — a 2 ) -1 G 
Fix{ l2 ). I 

Lemma 3.25. Let T < PSL 2 (<C) be a connected Lie group, g G T a loxodromic 
element and U be a neighborhood of g such that hgh~ 1 g~ 1 — Id for each h E U, 
then hgh~ 1 g~ 1 = Id for each h G T. 

Proposition 3.26. Let T < PSL 2 {C) be non-discrete, non- elementary group and 
Eq(T) ^ 0, then £(T) is a circle in Pj.. 

Proof. Since PSL 2 (C) is a Lie group we deduce that T is a Lie group (see [22]) . 
Let be the connected component of the identity in r, thus if is a connected and 
normal subgroup of T. By theorem 13. 2\ |T]) of properties I3.10[ and corollaries 13. 171 
and 13.201 we have consider one of the following cases: 

Case 1.- There is exactly one point p G such that Hp — p.- In this case 
since H is a normal subgroup normal, by means of the argument used in thr proof 
of 13.171 it is deduced that Tp — p. By lemma 13.141 we conclude that there is a 
purely elliptic Lie group K < H with dim^{K) = 1. Let 7 G T be a loxodromic 
element, then by lemma 13.241 we deduce that for each loxodromic element 7 G Y 
one has that Fix{^) C /C(Fix(7 )). Moreover by corollary 13.221 we conclude that 
K{Fix{"f )) — £(r). The result now follows because K,(Fix{"{ )) is a circle in P-. 

Case 2.- Card(Z(H)) > 2 and there is a circle C such that HC = C- Assume that 
C = R, then for each loxodromic element 7 G H one has that Fixity) C R. Let 
7 G H be a loxodromic element such that i 7, ia;(7 ) G R and let pi,p 2 be the fixed 
points of 7 , then there exist a neighborhood W C R d ™K( i/ ) of and real analytic 
maps a,b,c,d : W — > C such that : T4 7 — > H defined by: 

a(w)z + b(w) 

<p{w)(z) = —— — — 

y M ; c(w) +d(w) 

is a chart of 7 (that is 0(0) = 7 ). Set F : W x Pj. -> Pj. defined by F(w, z) = 
0(w)(z) — z. Thus d z F(0,pi) = g'(pi) — 1^0. By the implicit function theorem, 
there is a neighborhood Wo C of 0, and continuous functions Ti : Wo — > C, 
i = 1,2, such that F(w,Ti(w)) = and ti(u>) 7^ r 2 (w) for each iu G Wq. Hence 
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{ti(u>), t 2 (w)} = Fix(4>(w)) for all w £ Wo- By lemma I3".25l we can assume that n 
is non constant and (f)(Wo) contains only loxodromic elements. Thus t\(Wo) C £ 
and contains an open interval, which clearly implies that £(r) = K. | 

We end this section with a easy consequence of the previous proposition 

Corollary 3.27. Let V < PSL 2 (C) be a subgroup such that Eq(T) ^ 0. If 
(ln)neN C r and 7„ n ^ > g uniformly on compact sets of Eq(T), then g is either 

a constant function c £ £(r) or g £ PSL 2 (C) with r ) n n ^ > g uniformly on Pj.. 

4. Basic Properties of Kleinian Groups 

4.1. A Characterization of finite groups. We will use the following theorem 
due to Jordan, see [T5], Theorem 8.29: 

Theorem 4.1. For any n £ N there is an integer S(n) with the following property: 
let G < GL n (C) be any finite subgroup, then G admits an abelian normal subgroup 
N such that Card{G) < S{n)Card{N). 

Lemma 4.2. Let G be a countable subgroup of GL^iC), then there is an infinite 
commutative subgroup N of G. 

Proof. Assume that every element has finite order. By Selberg's lemma we deduce 
that G has an infinite set of generators say { 7m }meN. Define A rn =< 7 l7 . . . 7 TO >, 
then A m is finite and by Theorem 14.11 there is a normal commutative subgroup 
N{A m ) of A m such that Card(A m ) < S(3)Card(N(A m )). Assume without loss of 
generality that Card(A m ) = koCard(N(A m )) for some ko £ N and every index m. 
Set n m — max{o(g) : g £ N(A m )}, here o(g) represents the order of g. Consider 
the following cases: 

Case 1.- (n m ) m£ N unbounded- Assume that kgrij < «j+i for all j. For each m let 
Tm € N(A m ) be such that o( 7m ) = n m . Thus 7 £° £ f] m < 3 N(Aj) and ^ £ 7 *° . 
Therefore < 7^ : m £ N > is an infinite commutative subgroup of G. 

Case 2.- (n m ) m£ N bounded- We may assume that n m = Co for every index m. 
Let us construct the following sequence: 

Step 1.- Assume that Card(N(Ai)) > fcoc^. For each m > 1, consider the follow- 
ing well defined map (j>i m ■ N(A\) — > A m /N(A m ) given by I 1— > N(A m )l. Since 
Card(N(Ai)) > Card(A m /N(A rn )) = ko, we deduce that <f> x m is not injective, 
then there is an element w\ 7^ id and a subsequence (S ra ) ng N C {A n ) n ^ such that 
Card{N{B x )) > koc\ and w x £ n meN N(B m ). 

Step 2.- For every m £ N consider the following well defined map <fi 2 m ■ N(B\)/ < 
Wi > — > B m /N(B m ) given by < wi > I i— > N(B m )l. As in step 1 we can deduce 
that there is an element w 2 and a subsequence (C n ) n eN C (B n ) n ^ such that 
Card(N(Cx)) > k c 5 o and w 2 £ f) m e® N ( C m)- < »i > 

Step 3.- For m £ N consider the well defined map (f) 3m : N{C\)/ < w Xl w 2 > — » 
C m /N(C m ) given by < w x ,w 2 > I *— » N(C m )l. As in step 2 we deduce that there is 
an element W3 and a subsequence (D„) ne N C (C„)„ e N such that Card(JV(Ai)) > 
fc c^ and w 3 £ C\ men N{D m )- < w x ,w 2 >. 

Continuing this process ad infinitum we deduce that < w m : m £ N > is an 
infinite commutative subgroup. | 
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Lemma 4.3. Let N C SL${fC) be a commutative subgroup where every element is 
diagonalizable, then there is t G SX3 (C) such that every element in tNt^ 1 is a 
diagonal matrix. 

Proof. Let g = ('Jij)i,j=i,3 £ N — {Id}, we may assume that g is a diagonal matrix 
with 7 n 7^ 7 33 7^ 7 22 . Now let h — (hij)i t j=\,3 G N — {Id} be a non diagonal 
matrix. By comparing the coefficients in the equation gh — hg, we deduce ft.13 = 

^-23 = ^31 = /132 = an d 7n = 722- Set h = ( (j 11 (^ 12 V then there is 

\ 121 "22 / 

fc € S , L 2 (C) such that k~ l hk is a diagonal matrix with distinct eigenvalues. Set 
/ fa \ 

C = yJde^K)- 1 I J , then C~ 1 gC = g. To conclude observe that comparing 

both sides of the equations = gx, xc~ x hc = c~ 1 hcx for each x G C~ 1 NC one 
can deduce that every element in C~ 1 NC is a diagonal matrix. | 

Corollary 4.4. Let T < PSX^C) be a discrete infinite group, then there is an 
element 7 G T with infinite order. 

Proof. By lemma |4~31 T contains an infinite commutative subgroup N. If 0(7) < 00 
for every 7 G N, then every element in T has a lift which is a diagonal matrix. By 
lemma |4~31 there is an element r G PSL3(C) such that riVr -1 is a group where 
every element is a diagonal matrix whose eigenvalues are roots of the unity. Thus 
N is non-discrete, which is a contradiction. | 

Now one has: 

Corollary 4.5. Let T < PSL^^C) be a discrete group, then the following conditions 
are equivalent: 

(1) r is finite. 

(2) 0(7) is finite for all 7 G T. 

(3) r acts properly discontinuously on 

4.2. Complex lines and projective Groups. The following result can be proved 
by standard arguments, see [9]: 

Lemma 4.6. Let T < PiSL^C) 6e a group acting properly and discontinuously on 
Q,, then Lq(T) U L\(T) C — fl, and for every compact set K C O one /ias t/iat 
the set of cluster points of TK is contained in P^. — O. 

Lemma 4.7. Let T < PSL3(<C) be a group acting properly discontinuously on f2, 
then there is a complex line £ such that I C P£ — ft. 



Proof. By corollary 14.41 there is an element 7 G T with infinite order. Let 7 G 
(5X3 (C) be a lift of 7. By the normal Jordan form theorem we only need to consider 
the following cases: 

i) For all n G N one has that: 

/ 1 n nfczil 
(4.1) f= 1 n 

V 1 

We claim that e±, C Pj — ft. Otherwise there exists z G C such that [z; 1; 0] G 

^ 1 s n(n-") ^3?" I 2 ; 1 ; ]- Thus for ™( £ ) lar e e ( a «( £ ) = 



f2. Let e G C, then 
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z; 1; 



2(e-n) 
n(n — 1) 



7>n) 



)n>n(e) C f2. By expression 14 . 1 1 we conclude 
2e-(n+l) 2(e-n 



[— z — e; 1; 0] for eache G 



n — 1 ' n(n — 1) 

By lemma [4761 we conclude ei, e2 C - !], which is a contradiction, 
ii) There is A G C such that for all n € N one has that: 



A" 


\7l — 1 








A™ 











A 



Let us assume that | A |< 1. We claim that ei, e2 C - (! or e l7 e3 c — f2. If 
ei, e2 ^ — f2, then there is z € C such that [z; 1; 0] € fi. Observe that for each 



w G C* we have [wz;w;n\ n ] — 



z; 1; • 



wzX 



1; 0] and 



w\ 
w; ;1 

n 



;0;1], 



for all w G C*. As in the previous case we deduce that ei7&3 CP^^- 

iii) 7 = (jij)i,j=i,3 is a diagonal matrix with | 7 n |<| 7 22 |<| 7 33 | and 
7 11 7 22 733 = 1- We claim that ei, e2 C P^ — SI or e2, e3 G P^. — £2. Suppose 
that there is z G C such that [z; 1; 0] G 11, then 



{zw l3 T;w l3 T; l2 T 



1;0] 



[0;«>;1] 



for each uieC, and 

7"([^733 n ;u,7 3 3";722"]) = [zw 7l l n l2 2- n ; w; 1] - 

for all w G C*. Therefore cP^-d. 

If 7 has another normal Jordan form, by Theorem 1 1 . 21 Ln ( 7 ) U £1(7) contains a 
complex line. | 

Corollary 4.8. Let 7 G P5X 3 (C) and 7 6e a Zi/t 0/7. TTie maximal open sets 
where < 7 > acts properly dis continuously, in terms of the Jordan's normal form 
of 7, are gwen 6j/: 



Normal Form 
°fl 


Condition over the A '5 


Maximal Regions of Discontinuity 


/ A X \ 

A, 
\ A 3 J 
AiA 2 A 3 — 1 


1 *i |<| A 2 |<| A3 | 
Other case 


Vl - (£1753 U {e 3 }) 
P? " (^2 U {ei}) 

tiK„i(r) 


/ M 1 \ 
x t 

\ Aj 2 j 


1 Ai 1?* 1 

Other case 


- (^TTSS U {e 3 }) 

fiK»i(r) 


(s i ;) 

V 1 y 




!!K»i(r) 
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Lemma 4.9. Let 7 6 PSL3(C) — {Id} and 7 6e a Zi/t 0/7. TTie sei 0/ invariant 
lines under 7, m terms of Jordan form of 7, is given by: 



Normal Form 


Condition over the A 's 


Invariant Lines 




/ Ai Q \ 

A 2 
V A3 / 

-^1^2-^3 = 1 




Ai # A 2 ^ A 3 / A X 
Ai — A 2 7^ A3 


{ei, e 2 , <5i, e 3 . e 3 , e 2 } 
{eTTeS} U {e 3 , p | p £ ei, e 2 } 


( 


' Al 1 N 

A x 
V A" 2 , 


) 


A? # 1 
Ai = 1 


{ei, e 3 : , i x , ej} 
{pTei 1 P S e 3 , e 2 } 


V 1 J 




{ei, e 2 } 



Proof. By the normal Jordan form theorem we must consider the following cases: 

Case 1. -7 is diagonalizable- In this case we will consider the following options: 

Option 1. -Every eigenvalue has multiplicity 1- Let {u, v,w} be the set of fixed 
points of 7 and £ be an invariant line under 7. We claim that £ = u,v or £ = w,v 
or I = it, w. Assume, on the contrary, that £ is different from these lines, then £ 
contains exactly one fixed point, say u. Let K = v,w. Then ifnl = *^u and * 
is a fixed point. Which is a contradiction. 

Option 2. -One eigenvalue as multiplicity 2-. By Theorem 11.21 we know that 
Fix^) = ei,e2 U {63}. Thus every line that contains e^ is invariant. Let £ be 
an invariant line such that ^ £ and c € £, then 7(c) = 7(^3, c PI £) = c. Thus 
c £ ei, e2- In consequence £ = e\,z\. 

Case 2. -7 have at most two eigenvectors linearly independent- In this case 7 
has the following Jordan's normal form: 




Thus we must consider the options: 

Option 1. -A 3 7^ 1- Let £ be an invariant line. We claim that £ = e±, e\ or £ = 
ei, e^. Assume that £ is different from these lines, then there is [it;] 2 = [zi; Z2\ 23] € I 
with Z2Z3 7^ 0. Consider the equation = a\W + a2j(w) + ^^(w). One can check 
that this equation is equivalent to the system: 

a?i + a^A 2 + a^A 4 = 
a?i + a^A + a^A 2 = 
a 2 + 2a 3 A = 0. 

Since the determinant of the system is (A~ 2 — A) 2 ^ 0, the equation has only the 
trivial solution. Therefore [it;] 2, [7(w)]2, [7 (w)]2 are not contained in a complex 
line, which is a contradiction. 

Option 2. -A = 1- Let £ be an invariant line. Assume that £ ^ e\, e\, and 
£ ^ ei, 63. Thus there is a point [w]2 — [z\\ Z2; 23] <E £ such that Z2Z3 7^ 0. Consider 
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the equation = aiw + 0.2^(11)) + a^ei, then it is not hard to check that such 
equation is equivalent to the system: 

a 2 z 2 + a 3 = 
oil + a 2 = 0. 

Such system has the non-trivial solutions ot\ = z^ 1 , a 2 = —z^ 1 , a 3 = 1. Therefore 
[w] 2 , ['y(w)]2, ei lies in the same line. Since I is invariant we conclude that e\ £ I. 
Case 3.- 7 has the normal form: 




Let £ be an invariant line and assume that t 7^ e\, then there exist \1u\2 — 
\z\)Z2) z 3 \ 2 £ £ with Z3 7^ 0. Since the equation ot\w + a\^{w) + a^ 2 {w) = is 
equivalent to the system: 

ai + oi 2 + a 3 — 
a 2 + 2a 3 = 
"3 = 

and such system has only the trivial solutions, we conclude that [10)2, PK^Ok, [7 2 ( u ')]2 
are not contained in a complex line, which contradicts the initial assumption. | 

4.3. Controllable Groups. Let us begin with some examples 

Example 4.10. Suspension with a group.- Let L < PSL2(C) be a discrete group 
with non-empty discontinuity region, G < C* be a discrete group and i : ST^C) — > 

SL 3 (C) be the inclusion given by: i(h) — ( ^ ? ) • The suspension of L with 



v 1 , 

respect to G, denoted Susp(T, G), is defined by: 

Susp(T, G) = ({i(h) : h £ [[L]]^ 1 }, If 5 ) : g £ G 

Observe that in case of G = {±1} = Z 2 , S l usp(r,Z2) coincides with the double 
suspension of L defined in [T3], and when [[L]]^ 1 contains a subgroup T for which 
[[r]]2 = T, then i(T) coincides with the suspension of T defined in [18]. Moreover, 
taking A(L) on e l7 e 2 as the usual limit set of the action of Susp(T, G) on ei^2 
(which is "identical" to the action of L on Pj.), one can show, by the same arguments 
used in [T3], the following: 



A Ku i(Susp(T,G)) 



UpeA(r) P^3 If G is finite. 

UpeA(r) P^s U ei,e 2 If G is infinite. 



Example 4.11. Fundamental groups of Inoue surfaces (see [23]). 

(1) Sm family- Let M £ SX 3 (Z) having eigenvalues a, (3, (3 with a > 1, /? 7^ /3. 
Choose a real eigenvector (01,02,013) belonging to a and an eigenvector 
(61, 62, 63) belonging to (3. Now let Gm be the group of automorphisms of 
IxC generated by: 

J {w,z) = (aw,(3z), 

Ji{w, z) = (w + Oj, z + &j) i = 1, 2, 3. 
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Then Gm < SoIq, Gm acts properly discontinuously onixC and (H x 
C)/Gm is a compact surface. 

(2) S~m family- Let N £ 5X2 (Z) having real eigenvalues a, a -1 with corre- 
sponding real eigenvectors (01,02), (61, 62)- Choose a non-zero integer r, 
a complex number t and complex number a , C2 satisfying an integrability 
condition to be made precise. Define the automorphisms of EI x C generated 
by: 

7 (w, z) = (aw, (3z + t), 

7 i (ttf, «) = (w + at, z + bnu + a) i — 1, 2., 

7 3 (w, z) = (w,z + r~ x {bxai - b%a\j). 

Then these generate a group Gm < So/] 1 and Gm acts properly discontin- 
uously freely and with compact quotient on H x C. 

(3) Sjj family- This family is defined modifying the above as follows, let N £ 
GL2CZ) with real eigenvalues a,— a -1 . The rest as above except that we 
do no choose a t, but define instead 7 (if, z) = (aw, —z). 

Clearly each of these groups has a fixed point p € Pg and the dynamics of any 
complex line that contains p is governed by a non-discrete fuchsian group (for a 
precise argument see the proof of |T]) of Theorem I0.4|) . 

With these examples in mind the following proposition is natural: 

Lemma 4.12. Let p £ T < PSLs(C) with Tp = p and £ a complex line not 
containing p. Define IT = H Pl e : T — > Bihol(l) given by H(g)(x) = ir(g(x)) where 
7T = ^p,i ■ Pp — {p} — ► £ is given by w(x) — x,p n £ then: 

(1) n is a holomorphic function. 

(2) II is a group morphism. 

(3) IfKer(H) is finite andTL(T) is discrete, thenT acts properly discontinuously 
onCl = (Uzesi(n(r)) z >p) — {p}- Here f2(n(r)) denotes the discontinuity set 

/n(r). 

(4) IfT is discrete, TL(T) is non-discrete and £ is invariant, thenT acts properly 
discontinuously on fl = Uze-Eg(n(r)) Z >P~ (^U {p})- 

Proof. 1. If p = ez and £ = ei, e%, then 7V e3 ^-^*([z; w ! x ]) = [ z ; w ;0], which is a 
holomorphic function. If this is not the case, take g £ PSL^C) such that g(p) = e^ 
and g(£) = e\, e^. Now one can check the following identities: 

< > i > 

^2) h(x),p = ILt, p (h(x)),p; 

h(x),p = h(x,p) where h £ T and x £ £. 
To finish observe that: 

(4-3) n P A x ) = ff -1 ^,^^^))) 

2. Step l-H(g oh) — 11(g) ° 11(h)- From equation 14.21 we deduce: 

np,/(ff) o n p/ (h)(x) = g(ii(h)(x)),p n f - g((h(x), P ) n * = n p/ (<? o /*)(x). 

Step 2.-II(r) C Bihol(£)- It is enough to observe that ILp.f (g) = Tt p ,e o g \t>. 

3. Let K C H be a compact set. Define if(r) = {7 € T : g(K) flX^} 
and assume that K(T) is infinite. Let (7 n )neN be an enumeration of -ftT(r). Since 
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Ker(Jl) is finite, there is a ki G N such that n(7„) ^ ^-(li) whenever k\ < n. 
Repeating the same argument for j k we deduce that there exist k\ < k 2 such that 
^(Tn) 7^ n(7 fc ) for k2 < n. By a recursive argument we deduce that there is a 
subsequence (h n ) ne j$ of (7„) n eN such that H(h n ) ^ Tl(hk) if n ^ k. Therefore 
{U(h n ) : n G N} C {g G IT(r) : g(7r(i^)) n 7r(if ) 7^ 0}, which is a contradiction. 

4. Take p — e 3 , / = e 1; e2 and assume that the action is not properly discontinu- 
ous, then there are k = [z;h;w],q G Q, (k n ) neN C f2 and (7 n = (j\j)ij=i,a)nen C 
r a sequence of distinct elements such that fc„ g^pg fc and 7„(fc„) ra ^ > 5. By 
corollary 13.271 we can assume that there is an holomorphic map / : Eq(IL(F)) — > 
Eq(H(T)) such that II (7^) / uniformly on compact sets of Eq(H(T)). More- 

over, / G Bihol(£) or / is a constant function c G 9(II(r)). Since 7r(7„(fc n )) tends 
to w(q) G Eq(H(T)) as n tends to 00, we conclude that / is non-constant. 

Thus f[z; to; 0] = [j n z + j 12 w; j 21 z + j 22 w; 0] with 7 U 7 22 - 7i272i = 1 - Since 

(n) In) (n) (n) n In) i (n) In) (n) (n)\ -, 

7i3 = 723 = 731 = 7 3 2 = 0, 733 (7ii 722 ~ 7i2 7 2 i ) = 1 w e can assume 
that 7 l -™' ) *J 733-' 7y. In consequence we can assume that there is 7 33 G 

C* such that w ->oo ^33 e ^* °ther case we may assume 7 33 ' ra _ to g 

or 733' 00 ■ Which implies 7„(fc„) -jj^ [7^2 + ai 2 h;j 21 z + j 22 h; 0] or 

7 n (fc n ) _^ > [0;0;1]. Which is a contradiction). Therefore 



7ii 7i 2 \ / 7iiV7 3 3 Indian 

(n) (n) p. / ~j~ / ~ 

721 722 U ra^oo 7„, 4/77, 7904/77, 



G PSL 3 (C). 



V° ^7 Vo 733 J 

Which is a contradiction since T is discrete. | 

4.4. Quasi Co-compact Groups. 

Lemma 4.13. Let T < PSX 3 (C) be a quasi co-compact group over a domain fl, 
then r is finitely generated and has a fundamental region D such that D C fl is 
compact. 

Proof. By the proof of corollary 11.71 we deduce that T is finitely generated and 
that there is a metric d on such that (f2, d) is geodesically complete, geodesically 
connected and T is a subgroup of isometries with respect to d. Now, since Sl/T is 
compact one has (see [16]) that the Dirichlet region for V is a fundamental region 
for r with compact closure on fl. | 

Corollary 4.14. Let T < PSX 3 (C) be a quasi co-compact infinite group over a 
domain ft, and let H = {[0;z;l] | Re(z) > 0}, R = {[0;z;l] | Im(z) = 0}, oo = 
e2, K = lU {oo}, then, up to projective equivalence, one of the following facts hold: 

(1) ft = H 2 ; 

(2) ft = P 2 , - (K7^ 2 U {e 3 }); 

(3) fl = P 2 C - {e77£ U U t^t 2 ); 

(4) ft = P 2 - (glT^ugiT^); 

(5) n - P 2 , - ej^ ; 

(6) = U zeH ^ei - {ei}; 
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(7) There exist D C e%, eJi a a hyperbolic domain such that: 
^ = [J Ke3 - ({e 3 } U ei,e2). 

Proof. By Theorems II. 6[ [L8l and corollary 12.11 cases 1-6 correspond to 51 = H^, 
C 2 - {0}, C* x C*, C* x C, C 2 , C x EL In the last case, the developing map V : 
Cxi — > P 2 is given by i-> L4(z); B(z); e"^'] where /x e C* and A, B : 

FJ — ► C are holomorphic maps. Since I? is a local homomorphism we deduce 
that P(C x {x}) contains more than one point and T>(C x H) is open. Therefore 
A, B do not have a common zero and A, B are not constant. In consequence D — 
{[A(z); B(z); 0] : z £ H} is a hyperbolic domain on ei,e2 which trivially satisfy 
V(C x H) = (U, eD ^ ~ {e 3 }) - eI7^. I 

By standard arguments we can show the following (see [9]): 

Corollary 4.15. Let Y < PSL3(C) be a group acting properly dis continuously on 
a domain 51, then: 

(1) If Y is a quasi co-compact group over 51 and R is a fundamental region for 
Y, then every point p £ <951 is a cluster point ofTR. 

(2) If Slo C 51 is a domain and Slo//soi(51o, T) is compact, then 51 = YIq. 

(3) If YIq is a connected component of 51, then 51q/ Isot(Ylo,Y) = Y(YIq)/Y. 

5. Proof of the Main Theorem 

Proof of Theorem \0.1\ Let p : 51 — ► 51/T be the quotient map and McO/r 
be a compact connected component, then 51 = p~ 1 (M) has the form r51o, where 
51o is a connected component of 51. Set To = Isot(Ylo, Y). By lemma I2TT1 there is a 
developing pair (V,H) such that V(M) = £1 and H(tt? rb {M)) = Y . By corollary 
14.141 one of the following cases must occur: 

Case 1.- fi = H 2 ,.- By ([2} of corollary [4. 151 and Theorem [L4] we deduce that Y 
is fuchsian and H 2 , = 51 = YIkuI (Y) is the largest open set on which Y acts properly 
discontinuously. 

Case 2.- 51 = C 2 - {0}, Sl = C* x C*, C* x C, C 2 - Trivially in any of these 
cases Y is an elementary group. 

Case 3.- 51 o = UzeH e ii z ~ { e i}-~ Let £i, £2 C dflo C P 2 — 51 be distinct complex 
lines and g £ Y, then {ei} = £1 n £ 2 and g(£i), g{£ 2 ) C P 2 - 51 are different 
complex lines. Since g{£i) H UzeH ei ' 2 7^ $ we deduce {ei} C .g(^i). In consequence 
<7(ei) = ex- Therefore we can speak of n = H Pj e where p = ei and £ = e2,e3. 
Now, let Pi,P2,P3 £ K C £ be distinct elements and if a fundamental region for 
the action of To on 51q- By ([1]) of corollary 14.151 we know that pi, 1 < i < 3, is a 
cluster point of To-ftT. Hence p.i, 1 < i < 3, is a cluster point of YI(Yq)(tt(K)). Thus 
by proposition l3.26l corollaries l3.21[ [3.271 we deduce that n(To) is non-discrete and 
£(n(r )) = R. Since n(r(51)) is an open set which omits K and contains H we 
conclude that £(n(r)) 7^ 1 Finally, since £(n(r )) C £(LT(r)) with £(n(T )) is 
a circle in £, by proposition I3.26( we conclude £(n(r)) = K. Moreover by Q of 
Theorem II .81 and corollary 13 . 2 1 1 one has that n(r)oo = 00, which ends this part. 

Case 4.- Slo = U 2 g£> x i e>1 ~ U {ei})- Let 7 £ Y. Since 51 is hyperbolic, we 
can assume that there exist £\ , £2 C 951o C P^ — 51 distinct complex lines such that 
ei £ £1 n £ 2 and j(£{) ^ e 3 , 62 7^ 7(^2)- Let z x , z 2 € 51 then £ y = z l; ei n 7^) C 
P 2 , - 51. From this ^ e {ei,Zj}. Thus ei G 7^) (i = 1,2). Therefore 7(d) = e x . 
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Moreover, we have shown: if £ is a line contained in P^. — Q, and e\ ^ £, then 
I = e3, ei- Now we can consider II = Ii Pj £, where p = ei and £ = e%,e2- Consider 
the following cases: 

Case 1.- n(To) is non-discrete- In this case ei C P 2 — fl and e± (£ j(ea, e.2) C 
Pp — £1 for every jel. That is Te3, e2 = e3, e 2 . 

Case 2.- II(ro) is discrete- By ((3]) of lemma 14.121 and corollary 14.51 we deduce 
that Ker(U) is infinite. By corollary 14.41 there is 7 £ i"Ter(n) with infinite order. 
Since j{£ U {ei}) = t U {ei} we conclude that: 




a I where | a |^ 1. 


This implies that e\ £ e^,ei C L (T) C P^ — SI and therefore Te^~e2 = e.3, 



6. Technicalities on Inoue and Uniformizable Elliptic Affine 

Surfaces 

6.1. On Finite Covering Orbifolds Maps with Base an Inoue Surface. 

Trough this subsection fio, £, II, 7r,ro will be taken as is the case fio = C x H of 
the proof of Theorem lO.il Also, let To < To be a normal and torsion free subgroup 
with finite index, then we prove: 

Lemma 6.1. Either Ker(H | r ) is trivial or every element 7 £ Ker(H has a 
lift 7, such that: 

( 1 r( 7 ) 
7= 1 
\ 1 

where t( 7 ) 7^ 0. 

Proof. If Ker(TL |f o ) is non-trivial, then Ker(H |f ) is infinite, then by corollary 
14.41 there is an element 7 with infinite order, let 7 be a lift of 7o . By lemma |2~TI 
we may assume that To < SoIq or To < Solf or To < Sol[ 4 . In any case there are 
e = e 27rie , p, 1 £ C, such that for all n £ N one has: 



3 



7o = I 1 
1 

Since o( 7o ) = 00 we conclude that e = lor#eR-Q. If 9 £ R - Q it is 
clear that 7 is diagonalizable with unitary eigenvalues, then by Theorem 11.21 
^0(70) U ^o(7o) — wm ch is a contradiction. Thus e = 1. 

Now consider the case To < Solf (respectively To < Sol[ 4 ). Since II(ro) contains 
hyperbolic elements (see the proof of Theorem l0.1[) there is r = [[(t,- ) j)? j -_ 1 ]]2 £ To 
such that r 2 2 > 1 and tu = 1. To conclude, observe that: 

t-T 2 3T2"2 1 ^E"=0 T 22 

fn./);'. ; -i.:((7,.;l-./ i-C;.,!,.," = : I I 




and when n tends to 00 the right hand term tends to: 
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( 



1 l - t 23 (3(t 22 - l)- 1 
1 
1 



) 



Since f o is discrete we deduce (3 = 0. In case that f o < Sol^ trivially (3 = 0. | 

Lemma 6.2. Let 7 G PSL$(C) be an element with finite order such that 7 (C x 
H) = C x H and tt\(M) be the fundamental group of an Inoue surface. If tti(-M) 
is a normal subgroup of G =< 7 ,7Ti(M) >, one can show: 



(2) Fix("/ ) = i lo U {ei} 7 where l lQ is a complex line not containing e\. 

(3) Ker(Jl | 7ri (M)) * s infinite. 

Proof. (P) and ([2]) Since 7 n has finite order we conclude that tt\(M) is a subgroup 
of G with finite index. From the case Oo = C x EI of the proof of Theorem lO.il we 
deduce that 7r(7 )oo = oo and 7r(7 )(H) = EL Thus II(7q) = Id. Hence there are 
d = e 2 ™ 8 with fieQ-Z, k,(t<eC such that 7 has a lift j given by: 



Therefore 7 G Ker(Y\) and Fix("/ ) = t lo U {ei} , where i la is a complex line 
that not contains e\. We notice that every element h G G with o(h) < oo is in 
Ker{U \ G ). 

((3|) Assume on the contrary, that Ker(H | 7ri (M)) is finite. Set Ti?m =< {7 G 
G : 0(7) < 00} >, then I>m is a subgroup of Ker (II). Since [G; 7Ti (M)] < 00, 
we conclude that Tpm is finite. Set Cr(7o) = {h E G : hg = gh}, then Gr(7 ) 
is a subgroup of G with [G;Cr(7 )] < 00, for otherwise, let (7-) C G be such 
that G r (7 )7 l ^ Cr(7o)7j if i 3\ since {j^gj,} C Y Fm there are i,j G N 
with i ^ j such that 7~ 1 7 7i = l^lolj- Hence (7o" 1 (7j7j~ 1 )fl , )7i = 7j with 
Ijli 1 € Gr(7 ), which is a contradiction. Thus [11(G); n(Gr(7 ))] < 00 ■ Now, 
since n(G) is non-discrete we deduce that n(Gr(7 )) is non-discrete. Thus we have 
that £ 7q is Gr(7 )-invariant and 1 1q C Lq(G) U Li(G). On the other hand, one has 
l la n (Uzgh ^' e i — { e i}) 7^ 0) which is a contradiction. | 

Lemma 6.3. Let M be an Inoue surface and g : M — ► M an (P^, PSL^C))- 
equivalence, different from the identity, with at least one fixed point. Then g has 
infinite order. 

Proof. Assume, on the contrary, that there is g : M — > M an (P£, PSX3 (In- 
equivalence, different from the identity with finite order and with at least one fixed 
point z G M. Let P:Cxi — ► M be the universal covering map and x G P^ 1 (z). 
By the standard lifting lemma for covering maps, there is a homeomorphism g : 
Cxi — > Cxi such that the following diagram commutes: 



(1) 7o G^er(n| r ). 




(6.1) 



(C x U,x) 



(c x m,x) 



p 



p 



(M,z) 



y 



(M,z). 
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Since P,g are (P^, PSX3(C))-maps we deduce that g is an (Pj, P5L3(C))-map. 
Since Cxi has the projective structure induced by the natural inclusion we con- 
clude that g is the restriction of an element j g £ PSX 3 (C), moreover 7 g has a lift 
l g given by: 

i) k a 
% = | 1 
1 




Now by diagram 16.21 we can ensure that g has finite order and tt\{M) is a normal 
subgroup with finite index of T —< -f g ,iri(M) >. By lemma 15721 we have that 
Ker(H \ ni rM)) is infinite. 

We have the following possibilities: 

Possibility 1. tti(M) < Solf or tti(M) < Sol[ 4 )- In this case, we claim that for 
each r = [[(T it j)f j-^lh € it\{M) one has: 

T22 - 1 

Tl9 = K . 

1 — 19 

Let h = T l g T ~ l lg 1 <= Ker(U), then h has a lift h given by: 

L( Tl2 (i -#) + K ) t 23 t^(t 12 ^ - 1) - k) + r 13 (l - i?) 


1 

Since [r;7Ti(M)] < 00, there is n € N such that ft" € Ker(H \ 7Ti (m))- By lemma 
16. II this implies T12 = k{t22 — 1)/(1 — which proves our claim. 

Now, since n(7Ti(M)) is non-discrete, it is followed that there is a sequence 

(0„ = [[(^" ) )f J =i]]2)n G N C 7r x (M) such that: 

(1) (il(0„)(z) = 022^ + <?!>23 )«eN is a sequence of distinct elements; 

(2) 4? ^ i; 

(3) 4® ^ 0; 

(4) Im(4>y^ > ) w _ >o > 0, this fact is attained, since <fi^ £ M in the case tti(M) < 

Solf and Im(4>^) = log(<fi 2 ^) in the case iri(M) < Sol'^. 
Now, let 4> = [[(</>jj)i.j=i.3]]2 G ifer(II I^m)) be an element with infinite order. By 
lemma I57T1 we have 13 el - {0}. Thus we can assume that there is (l n )neN C Z 
and c£l such that /„0 13 -I- i?e(0^3' ) ) — > c. Hence lemma |6~T1 implies: 



/ 1 - i)/(i - 0) 13 /„ + ^ l) 



^ ^ " 

1 



and when n tends to 00 the right hand term tends to: 




Which is a contradiction since T is discrete. 

Option 2. 7Ti(M) < Sol 4 - By (□} of lemma l47l5l and corollary [37l9l we can ensure 
that n(7Ti(M)) contains hyperbolic elements. So there is a r = [[(Tjj)i,_y=i,3]]2 € 
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wi(M) such that r 22 < 1. Let 7 = [[(7y-)i,j'=i,3]]2 £ Ker(U | Wi (m)) be an element 
with infinite order. By lemma \6A\ we deduce: 

(r ij)i,j=l,3('Vij)i,3=lA T u)ij=i,3 

This is a contradiction since T is discrete. | 

Thus we have improved of Theorem 11.81 as follows: 

Corollary 6.4. Let M be a compact (P^, PSL3(C))-orbifold, for which there is a 
developing map T> such that T>{M) = IxC. Then M is an Inoue Surface and the 
singular locus of M is empty. 

6.2. On Orbifolds Covered by Uniformizable Elliptic Affine Surfaces. 

Troughout this subsection VLq, £, II, 7r,ro will be taken as in the case VIq = fl x C* 
of the proof of theorcm lO.il Also, let us define some terms. Let M be the universal 
covering space of M = n /T , iv\{M) be the fundamental group of M and (D,H) 
be a developing pair for M. By © of Theorem 11.81 we know: 

(1) M is biholomorphic to C x H. 

(2) There are hx,h 2 ■ H — ► C holomorphic maps and \i £ C* such that 
V(M)(w,z) = [A(z)e w ^;B(z)e w ^;l\. 

(3) For every $ £ irx(M) one has: 

■&(z,w) = (htf(w)z + 'y^(w),u.d(w)), 

where u>^ £ PSL 2 (M.) and h^,j^ : H — ► C arc holomorphic maps such 
that h$(w) ^ w for all w £ H. 

(4) m(M) contains a subgroup E of finite index whose center Zen(E) contains 
a free abelian subgroup of rank 2 with generators c, d. 

Define P2 : ni(M) — ► PSX 2 (R) by — w i? an d observe that P2 is a group 

morphism. Then we have: 

Lemma 6.5. Ker(Tl |r ) is infinite. 

Proof. Let us proceed by contradiction. Without lost of generality assume that 
To is torsion free, then Ker(H \p ) is trivial. By (JTJ of corollary 14.151 and ([3|) of 
lemma 14.121 we deduce that II(ro) is non-discrete. Moreover, we have the following 
properties: 

Property l.-o(II(7Y(c))), o(H(H(d))) < 00- If this is not the case, observe that 
n(W(c)),n(W(d)) £ Zen(Jl(H(E))). That is Fix(g) = Fix(h) for all g,h £ 
U(H(E)). By (0} of lemma gll and © of corollary this implies fi = C 2 -{0} 
or £1 = C* x C* or O = C x C which is a contradiction. 

Property 2.-o(P 2 (c)), o(P2(d)) < 00- In other case P 2 (S) is commutative. Taking 
g £ II(7i(S)) and [fci; fc 2 ; 0] £ 7r(Oo), it follows that there is 7 £ E and w £ H such 
that 11(^(7)) =5 and h 2 (w); 0] = [fci;fc 2 ;0]. Hence 

g[h;k 2 ;0] = [h 1 (P 2 (j)(w));h 2 (P 2 ^)(w));0}, 

which implies that there is a group morphism Ti : P 2 (E) — > H(H(E)) such that 
the following diagram commutes: 



1 7 13 rgj 
1 
1 
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(6.2) 5 2 -+P 2 (Z) 



H 



H 



Therefore H(H.(E)) is commutative. Thus Fix(h) = Fix(g) for all g,h G 

n(W(H)) - {Id}. Applying © of lemma gjj and © of corollary to W(H) 

and f2 we deduce that fl is either C 2 — {0}, or C* x C, or C* x C, which is a 
contradiction. 

Now, let I G N be such that c 1 , d l G Ker{U oH)n Ker(P 2 ). Then 

c l (z, w) — (h c i (w)z + 7 c i (w), w); 
d l (z, w) = (h d i (w)z + 7 d i (w), w). 

Since c l ,d l do not have fixed points, we conclude that h c i = h d i = 1. And since 
H{c l ) = H{d l ) = Id, we deduce 

[AiH^He-'"] = [h 1 {w);h 2 {w);e-^ z+ ^' ( - w »} = [h 1 (w);h 2 (w);e-^ z+ ^ 1 ^}. 
Hence = e» h °W = 1. Thus there are k, n G Z - {0} such that: 

/i c = 2nikn~ 1 , hd — 2~Kinfi~ , 
wich implies c zfe = d /n , which is a contradiction. | 

7. Proof of Theorems 10.21 and 10.41 



In this section we use our main result, Theorem lO.il to prove Theorems 10.21 and 
0.41 We will use also the following lemma (see proposition 2 of [21]): 

Lemma 7.1. Let F be a free abelian group acting on C 2 freely and properly dis- 
continuously. If the rank of F is less than or equal to 3, then the quotient space of 
C 2 / F cannot be compact. 

Proof of Theorem 1 0. 2\ By the proof of the theorem 10.11 we must consider the 
following cases: 

Case 1. -f2o = C* x C*- In this case T and fio have the following properties. 

Property 1. -f^o is the largest open set on which T acts properly discontinuously- 
Let Ti = Iso(e\, e 2 , T)nIsot(es, e±, T)nIsot(e3, e 2 , T). Since C* x C* is T-invariant, 
we deduce that Ti is a normal subgroup of T and T/Ti is a subgroup of S3. By 
Selberg's lemma and lemma 14.131 there is a normal torsion free subgroup To < Ti 
with finite index. Thus £Iq/Tq is a compact manifold and T$ej = ej (1 < j < 3). 
Let IL = II e . gj^j where j, k G {1,2,3} — {i}. By corollary 14.151 and lemma [4*7T2l 
we deduce that Ker(Hi) is infinite or non-discrete. Hence ei, e 2 U ea, e{ U e%, e 2 C 
L (T) U Li(T). Therefore fi is the largest open set on which T acts properly 
discontinuously. 

Property 2. -T contains a subgroup r with finite index, isomorphic to Z 2 and 
where every element is a diagonal matrix- Let To < T be a torsion free subgroup 
with finite index and such that e%, e 2 , &i, ea, e 2 are ro-invariant and (T),H) be 
a developing pair for Uq/Tq. By lemma |2~T1 we can assume that V{M) — fio and 
r = H(n? rb (M)). By(g} of Theorem fQl we can assume that fl a /T is a complex 
torus. Since tt\{M) = Z 4 and H : 7i"i(fio) — * To is an epimorphism, we conclude 



30 



ANGEL CANO 



that L contains a free abelian subgroup T of finite index and rank k = 0, 1, 2, 3, 4. 
Thus one has that W -1 (r) is a free abelian group of rank 4, see [16]. Let (T>,'H) 
be the developing pair for M = £l /T given by lemma 12.11 then, by corollary 12.21 
we have the following exact sequence of groups: 



(7.1) Z 2 = TT^fio) Z 4 = 7Tl(M) Z fe = f 

where is the group morphism induced by the quotient map q : Q — > M. Since 
I7.1l is a sequence of free abelian groups, we deduce that Z 4 = Z 2 © Z fe (see [IT]) and 
in consequence k = 2. 

Case 2. -f^o = C x C*- As in the previous case we can show that there is a 
subgroup To < r with finite index, isomorphic to Z 3 and To < A\ or To < A^. 
Without loss of generality assume that To < A2, then ei,e2 and ei,es are To- 
invariant. Let Di : To — ► Bihol{e\, ei) (i = 2, 3) defined by Di(j) = 7 \^-^, which 
are group morphisms. For simplicity we will assume that Ker(I)2) and Ker{D$) 
are trivial. Hence £>2(Lo) and D 3 (Tq) are isomorphic to Z 3 . On the other hand 
observe that: 

D 2(7ykj=l,3(z) = Z + fe2 X 7l2; 

D 3 {j i3 ) lJ=1 , 3 {z) = y n z. 

Therefore -D2(ro) is isomorphic to an additive subgroup of C and D 3 (To) is isomor- 
phic to a multiplicative subgroup of C*. Thus D2(Tq) and D3(Tq) are non-discrete 
groups, see [16]. Therefore ei, e2U C Lq(T) U Li(T), concluding the proof in this 
case. 

Case 3. -£Iq = C 2 - By Selberg's lemma, there is normal torsion free subgroup 
Ti < r with finite index. Since ei,e2 is Ti-invariant, we deduce that D : T — > 
Bihol{e\, e2) given by 1^(7) = 7 1S a g r °up morphism. Observe that if Ker(D) 
is non-trivial or D(T) is non-discrete, we will have that ei, e 2 C L {T) U /i(r), by 
this reason we will assume that Ker(D) is trivial and D(T) is discrete, thus D is 
an isomorphism and every element in Ti is unipotent (see ([6]) of Theorem 1 1. 8 j) . so 
we conclude that every element in Ti — {Id} has a lift with the following normal 
Jordan form: 

110 
1 1 
1 

By lemma 1431 we deduce that D(Ti) contains only parabolic elements. Since D(Ti) 
is discrete we conclude that -D(ri) is isomorphic to Z or Z © Z. Since D is an 
isomorphism, by lemma f7.ll we conclude that Qq/^i is non-compact, which is a 
contradiction. Therefore Qq is the largest open set on which T acts properly dis- 
continuously. | 

Proof of Theorem \0-4\ Take Slo, To as in Theorem 10.11 Consider the following 
cases: 

Case 1. ft = C x H. Take LI, n and I as in Theorem [QUI Let [z;r;l] S 
<9S!o — {ei}, then r e I and z S C. By (fT]) of corollary 14. 15[ there is a sequence 
{in = [[(^■" ) )?,i=i]]2)neN C L of distinct elements and (k n = [z n ;w n ; l])„ eN C Q a 
such that: 

CO z n zo e C; 

(2) w n — -g- w e H; 
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(3) 7„(M — r [*;r;l]. 
Since (II(7„)) ne N C PS , L 2 (M) and II(7 n )(7r(fc n )) n ^ > r we can assume that 
n(7 n ) ra ^ Q g r uniformly on compact sets of tt(Qq). Therefore 



'22 



n — >oo 



0; 



4? — - 



Consider the following options: 

Option 1. r < SoIq- In this case, by proposition 9.1 of [23] there is M £ SL 3 (Z) 
with eigenvalues 0, 0,\ |~ 2 , ^ 0, a real eigenvector (01,02,03) belonging to | 
|~ 2 and an eigenvector (b\, 62, 63) belonging to /3, such that To =< 7 , 7 1; 7 2 , 73 >, 
where 7, has a lift 7, given by: 



/? 







r 1 





* 1 














1 


Oi 


; 1 < i < 3 










V 





1 / 





7o = 

Let i £ {1,2,3} be such that b t ^ 0. Set o n , m = (fo"7i7o -n ) m . Then 

/ 1 h(n0 l +m0 k ) \ 
fr*,m°&l,n = 1 a,(n I /? |- 2/ +m I /3 |- 2fe ) ; fc, i e N, n, m e Z. 
V 1 J 

At this point, also assume without loss of generality that | |< 1. Now, since 
n , n+1 are linearly independent we have b~ 1 (z — zq) = r n n + s n n+1 , for some 
r„,s n sR. Then bi([r n ]0 n + [s n ]0 n+1 ) TWO g z— zq, from here and in what follows 

[x] will denote the integer part of x. If W is an open neighborhood of [z; r; 1] then 
there is e £ M + such that: 

Wq = {[wi; iu 2 ; 1] :\ Wi — z \< e and \ W2 — r \< e} C W. 

Let no € N be such that 

I H[r no \0 n ° + [s no ]0 no+1 ) -z + z \<e, 

Define 

r n = [[(r^)]] a ) w=1 ,3 = 7 „ o [K: Ko] ]] 2 o [[^ + i, Ko] ]] 2 , 

and 

fcn = ^n +l,[s„ ] (h"n ,[r„ ] (&n)) = l^nj ^n! 1] j 

then: 

~k n = [Zn + bi{[r no ]0 na + [s no }0 no+1 y i w n +a l ([r no ] \ \~ 2n » +{s no ] \ \-*<.»°+V)]. 
Thusr„(fc„) n ^ [2; r; 1] and 

~ z n zo + k({r no }0 no + [s no }0 no+1 ) 

w n — r ™o + a,([r„ G ] | \- 2n « +[s no ] | |- 2 («o + D). 

From here we can deduce that deduce that ri^ >■ and Tn$ >■ r. Thcrc- 

fore, 

Pn = [t®(1 - r^rV^l - r^)- 1 ; 1] £ F lX (r n ) , 
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and 

Pn TT^r [*> + UVnoW 10 + [s no ]p no+1 );r; 1] £ Wq H L (r). 
Which ends the proof in this case. 

Option 2.- To < Solf. In this case 4>ii = ^1 an< ^ 

ln{ k n) = [±Zn + ^12 W n + \ (/>% >W n + <p^' J 1]. 

Thus (jj^Wn + z =F zo- Now we claim that ((/^XieM and (^^JngN are 

bounded. Otherwise consider the following possibilities: 

Possibility 1. -(^VeN and (^g^ngN are unbounded- In this case we may 
assume that 4$,4$ oo, then (^(^V^eN or ((^VH^is ))"£N arc 

bounded. Assume without loss of generality that </>i2' > (0i3'')~ 1 Tt ^oo c 6 C. If 
cw + 1 ^ we can deduce that: 

±z +6 {n) w 6 {n) w +6 {n) 1 
7 _(fc„) = r-^ hi;— — — ; — rr cw o + l;0;0. 

S"l3 ^13 ^13 

Since this is not the case, we conclude c ^ and 0i3' l (0i2' ) ) _1 n^og — u»o- Thus 

Im(<p^ '((^i^) -1 ) < for n large, which is a contradiction since 7m(^j' (^i^) -1 ) = 
for all n G N. 

Possibility 2. -(^'jneN bounded and ($13 )neN unbounded- We may assume 
that ^ -^^g- 12 G C and -^-^ oo, then 

. r Zn+^2 )MJ n , 1 >22 ) ^»+43 ) . 1 1 . M . n . nl 

7„(M-[ + 1, Ti^r [1.0,0]. 

<Pi3 ^13 ris 

Which is not possible. 

Using the same arguments we deduce that the case {4>i2)neN unbounded and 
(013 )neN bounded is not possible. Hence, by the preceding analysis, we can assume 
that -^=^ <f>i2 e C and <t>vi ^13 e C - This implies: 

7 n [Tz~0i 3 -i0i 2 ;i;i] = [z+«(42 ) -^i2)+ ( / , i3 ) -^i3;42 )i +43 ) ; 1 ] I z ; r ; 1 ]- 



That is [z;r;l] G L (r). 

Option 3.-Fo < So^ 4 - By proposition 9.1 in [53] we know that there is 7 G 
-ftTer(II |r n ) non-trivial and by lemma RTT1 we know that 7 has a lift 7 given by: 




Let {in = [[(7i" ) )i,i=i,3]]2)neN C T be a sequence such that (n(7„))„ eN is a se- 
quence of distinct elements and LI(7 n ) ^ /c?, then 722'' .^og 1,733 ?wo > 
and 7to(7^3' > ) 0. We can assume that there is (Z„) n eN C Z such that 

7i3 ) + z «7i3 TT^T c e C - 0ne has: 

7 S„M;l] = [z + 7i3 ) +^7i 3 ;72-3 ) ;l] l^t [^ + c;0;l]. 
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Therefore e\, e% C Lq{V). To conclude, observe that 7 n (ei, e-i) ei, [0;r; 1]. 

Case 2.-ilo = flx C*- Take IT, tt and I as in the proof of case Qo = x C* of 
Theorem lO.il then n(r) has the following properties: 

Property l.-il(r) is discrete- If this is not the case, then there is a sequence 
(in = [[(lij)i,j=i)}h)n£W C T such that (II(7 n ))„ eN is a sequence of distinct 
elements that verify II(7 n ) n _ >Q g This implies: 

"33 i 22 ji — ►oo 




, (n) (n) / (n) (n) 
733 7l2 : VT33 721 



n — >oo 



By lemma 16751 there is 7 = [[(7ji)i,j'=i,3]]2 S -fTer(r) an element with infinite order. 
Thus we can assume that there is (Z n )neN C Z such that ^il^ n^oo h 2 £ C*. 
Therefore: 

/ Tu^-Vll' 7^-7^' \ / h- 1 

(7 lJ ),J" 1 .3(7i; , ) s>J =i,3 = 7r 1 '"7£ ) 7r 1 1 -7£ ) o ^r^r h_I 

V o o 7 «» 7 w y v o o h* 

Which is a contradiction since T is discrete. 

Property 2.- II(ro) acts properly discontinuously on tt(Hq)- Since 9(7r(ilo)) is 
closed and II(ro)-invariant, we have A(II(ro)) C dir(ilo). Hence tt(Hq) C f2(II(ro)). 

Property 3.- tt(Hq)/II(Tq) is a compact orbifold- Let R C fto be a fundamental 
domain for the action of To on fio, then ir(R) — tt(R) C 7r(f2o) is compact. Now 
the assertion follows easily. 

Property 4.- Uu>ef2(n(r)) ^ e 3 — ({ e 3} U e i; e 2) is the largest open set on which 
r acts properly discontinuously- Without loss of generality we assume that [1; 1; 0], 

[1; 0; 0] and [0; 1; 0] are in A(n(r )). We will show that I = [1; l;0],e 3 C P^-Cl Let 
[1; 1; z] € I since Ker(I\) is infinite we can assume that z ^ 0. Let (7„) n eN C To, 
where each element has the lift {a^ )i,j=i,3, be such that (II(7 n ))„ e N is a sequence 
of distinct elements with n(7„) ^ [1; 1; 0] uniformly on compact sets of tt(^Iq). 

Set [z ; 1; 1] £ 7r(fi ). We can assume that there is l n £ Z, 7 = [[(7jj)i,j=i,3]]2 € 
i4Ter(r) an element with infinite order such that: | 7 X1 |> 1 and: 

(«) 3/„ 

fl33 7n -ceC. 



„(«), i „(«) 
a 21 Zq + «22 



By lemma 14761 the following convergence ends the proof 

(n) 3/„ -1 

7-^7n[*o;l;*c- 1 ] = [7r( 7 J(*o);i; g/ 11 (n) ] — 

a 21 + a 22 



Remark 7.2. Observe that the previous discussion implies that for fundamental 
groups iri(M) of Inoue surfaces that satisfy tt\(M) < SoIq, one has Eq(-Ki(M)) = 0. 
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8. Examples 

Example 8.1. A Kissing Schottky Group. A group T < PSLn+iiC) is called 
a Schottky (respectively kissing Schottky) group (see [TTJ Q3]) if there exist a 
natural number g > 2, elements j 11 ...,j g € T and pairwise disjoint open sets 
Ri, . . . , R g , Si, . . . , Sg, such that each of these open sets is the interior of its closure, 
the closures of the 2g open sets are pairwise disjoint (respectively Uf=i R j u Sj 
p c), lji R j) = p c - Sj and T =< 7 X ,...,7 S >. We refer to [lit [20] for explicit 
examples of Schottky groups acting on P c ™ +1 . 

Schottky groups appear in the one dimensional complex case as planar covers 
of compact Riemann surfaces; in higher dimension they provide a "large" class of 
compact complex manifolds. One can show that Schottky groups are discrete, free 
in g generators and quasi co-compact. It is thus natural to ask whether one can get 
information about Schottky groups from our results in this article. Indeed, using 
Theorems 10.11 10.21 and 10.41 one can easily show that there are no Schottky groups 
acting on P c : a result already proved in [2] by a different method. In fact, there are 
no Schottky groups acting on any P c n , by [2j. Yet, in these dimensions one does 
have "Kissing Schottky Groups" ; we will construct a family of such groups acting 
on P 2 ,, and we study these groups using the results of this article. 

Consider the Mobius transformations given by: 

. . (l + i)z — i . . (l — i)z — i 3iz + lOi 

mi{z) = ——— -; m 2 (z) = . . ; m 3 {z) = 

iz + 1 — l IZ + 1 + l IZ + 61 

It is not hard to check that 



mi(P+l + i) = P c 
m 2 (B-l + i) = Pc 



m 3 (D-3) = P c -D + 3. 

Thus r s =< mi, TO2, rri3 > is a Kissing Schottky group. Let e = (€1,62,63) S 
C* x C 2 and 

/ -1 - i i \ / 1 -i -i \ I 3iei lOiei \ 

M x = -i -1 + i : M 2 = \ i 1 + i ; M e = iei 3iei 

V 1/ \ 1/ \ e 2 e 3 e~ 2 / 

Lemma 8.2. If P e (\) denotes the characteristic polynomial of M e then 

P e (A) = -(A - ef 2 )(\ - iei(3 - %/l0))(A - iei(Vl0 + 3)). 

TaMnp ei = -(3 + N /l0) 1 ' /3 e-' v ( 1+4 ^/ 6 iwt/i i?el-Q, we deduce t/iai; 
-\/l0 \ / VTo \ / 



! I. I )' { i'i : [ 1 J i Vl — I 1 J , ^ ) } /'•->• '//' onion il I hi. vis of 

eigenvectors, where: 

± _ l (±%/l0e 2 + e 3 )e i7r ( 1 + 4,? )/ 6 



k 



(3 + Vl0) 1 /3(3(1 - e 2 ""?) - yi0(Tl - e 2 ^)) ' 
And {a.-,a+,e 2nl ^a-} are respective eigenvalues, where 

-i(3±VT6)(3 + VTo) 1 / 3 



a± 



= iir(l+4#)/6 
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< > < > i > 

(2) For every point x eP^ — (Ipih, \p2\2 U Ipih, &z U e3, 102I2) the set of cluster 

< > 

points of {[[M~™]] 2 (a;)}„ 6 N is contained in [pi]2,e3 and is diffeomorphic to 
S 1 . 

Proposition 8.3. Let T £ =< [Mi]2, [AT 2 ] 2 , [Af e ]a >, ^en one has: 

(1) T e is a Complex Kissing- Schottky group with 3 generators. 

(2) The discontinuity region in the sense of Kulkarni is the largest open set 
on which T e acts properly dis continuously, and its complement is given by 
A;f u z(r e ) = UpeA(r s )PTe3- 

(3) For ei = -(3 + \/T0) 1 /3 e -^(i+4*)/6 j where # = R _ Q } an( ; | #+ | + | 
JfjT 1 7^ 0, one /ias i/iai T e is not topologically conjugate to an elementary, 
affine or fuchsian group. 

Proof. First at all, let us take p — £3, I — £2, e{, II = H p .i, tt = 7r p .;, then 
n([[Mi]] 2 ) = mi, n([[M 2 ]] 2 ) = W2, n([[M e ]] 2 ) = m 3 . Now, consider the follow- 
ing properties of T e 

{1} Consider the following disjoint family of open sets 

i?i =7r- 1 (]B) + l + i); Si = 7 r 1 (B + l-i); 
i? 2 =tt- 1 (B- 1 + i); S , 2 = 7r- 1 (B-l-i); 
i? 3 =tt- 1 (D-3); 5 3 =7T- 1 (D + 3). 

Thus one has that: 

[[MiMRi) = V%-Sv, 
[[M2MR2) = Pc - 
[[Af e ]] 2 ( J R 3 )-P^-5 3 "; 

3 

Therefore T e is a Kissing-Schottky group with 3 generators and Ker(H) is trivial. 

© Since ir 2 (m 2 ) = 4 and dei(M 2 + 7d) = 8 we deduce that M 2 has the following 
Jordan's normal form: 

(010). 
V 1 J 

Then there is a complex line £ such that e3 G £ = Fix([[M 2 ]]2). Thus ir(£— {e^}) = 

Fix(m 2 ) by equation (|4.2p , we conclude T e £ = U g GA(r s ) 9: e 3- Thus U g eA(r s ) 9> e 3 C 

Lo(re)- By lemma l4".12i r„ wc deduce that r e acts properly discontinuously on P^ — 

U g eA(r s ) 9: e 3- By of proposition[T3]this implies that A K ul(^e) = U 9 eA(r s ) 9> e 3- 

([3])- r e is not topologically conjugate to a fuchsian group- By lemma 18.21 and 

< > 

Theorem ll.2l we deduce that Ak-„;([[M»]]9) = \p1\2, e3U{[p 2 ] 2 }. Theorem ll .4l implics 

that [[M e ]]2 cannot be topologically conjugate to an element of PU(2, 1). 

-T e is not topologically conjugate to an affine group- Assume, on the contrary, 

that there is an homeomorphism (f> : P 2 , — ► P 2 such that i/) _1 r c < PSL^(C) 

and _1 r c 0(f) = I for some complex line £, then (/>(£) is a 2-sphere, r e -invariant. 

< > < > < > 

If there is a point q £ M) such that o ^ [pi] 2 , [p2]2 U [p 2 ]2,e 3 U [pi] 2 ,e 3 . By @ 

of lemma I5T21 the set of cluster points of {[[A/7"]] 2 (q)} ne N is contained in [pi]2,e3 

and is diffeomorphic to S . In consequence | cj> ([pi] 2 ,e3) f\l |> 2. On the other 
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< > < > 

hand, since [pi] 2 ,e3 C LoQfAfJla), Theorem 11.21 implies that <fi ([pi]2,e 3 ) is a 

< > 

complex line. Thus (f>{l) — [pi]2,e3, but this is a contradiction. Therefore (/)(£) C 
< > < > < > 

[Pih, \p2\2 U [P2]2,e 3 U [pi] 2 ,e 3 . Now, since cj>(£) - {[pi] 2 , [p 2 ] 2 ,e 3 } is connected we 

< > < > < > 

conclude that <p(£) is either [pi] 2 , \p2\2, or [p 2 ] 2 ,e 3 , or [pi] 2 ,e3. Since the clousures 

< > < > 

of the orbits of [p2]2,e3 and [pi] 2 ,e 3 under r e satisfy: 



r e [pi] 2 ,e 3 = r e [p 2 ]2,e 3 = (J q~^3 with Card{A(T s )) > 2, 

«eA(r„) 



we deduce (/>(£) — [pi] 2 , [P2h- On the other hand, one can easily check that [1; 1; 0] 
and [0; 0; 1] are the unique fixed points of [[Mi]] 2 and the respective Jordan's normal 
of Mi with respect to the ordered {(1, 1,0), e2, 63} basis is: 



(8.1) 




By lemma l4~9l we conclude that [1; 1; 10], &2 — ei, 62 and [1; 1; 0], e% are the unique 

invariant complex lines under [[Mi]] 2 . Since r[l;l;0],e 3 = U 7 er )7(l): e 3 with 

< > 

card{{^{!) : 7 G r s }) = 00 we conclude \p1\2, \p2\2 = ei,e 2 . From this and |T]) of 
lemma [8?2l we conclude kf = k7 = 0, which is a contradiction. I 



Remark 8.4. By Theorem 11.21 one has that the limit set Ak u i(< [[M e ]]2 >) is not 
a subset of Ax n ;(r £ ) for | e\ |> (ylO + 3) 1 / 3 . This shows that the limit set in the 
sense of Kulkarni is not monotone. 

Example 8.5. An elementary quasi co-compact group which is not affine. 

Let M a ,B e SL 3 (C) given by: 

M„. 





x 













a 


),*- 


1 





i 


: 


a" 2 , 






1 





where a 6 C*. Define r a as the group generated by [[M a ]] 2 and 

Lemma 8.6. (1) [[_B]] 2 (ei, e 2 ) = e 3 ,e2, [[-B]] 2 (e 3 , e 2 ) = eTTe^, [[B]] 2 (ei7e|) 

< > 

ei,e 2 . 

(2) 



a"2+"3- 2 "i , 

2 i\/f oil. rrn/i.r n2i 



G Z and k = 0, 1,2 



(3) Let r =< [[_B 2 A/ a i3]]2, [[-BM a .B 2 ]] 2 >, t/ien r a zs a normal subgroup with 
index 3 such that 0(7) = 00 for all g G T a — {Id} and o(g) = 3 i/7 G r a — T a . 

Proof. An easy computation shows: 

/ a \ /a' 2 
M a B = B a- 2 ; M a B 2 = B 2 I 
\ a / \ 

By an inductive argument we deduce the result. | 
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Proposition 8.7. The group T a is Complex kleinian with limit set A^KuiQ^a) = 
ei, e2 U ei, e3 U e3, e2- This group is not topologically conjugate neither to an affine 
nor a fuchsian group, and the quotient of its discontinuity region, O.Kui(T)/T, is a 
compact orbifold with non-empty singular locus. 

Proof. Part 1.- T a is a complex kleinian group- By lemma ["8.61 we have that T a 
is a normal subgroup of r a with index 3, that T a acts properly, discontinuously 
and freely on C* x C*, the quotient (C* x C*)/r a is a complex torus and Lo(T a ) — 
ei, e2Uei, e3Ue3, e2. From this and the T-invariance of C* x C* we conclude that the 
set of cluster points of the orbit T a K is contained in ei, e^ U e 3 , ei U ei, e 3 = Lo(T a ) 
for every compact set K C C* x C*. This, together with ^ of proposition 11.51 
implies that A Ku i(T a ) = ei, U e 3 , 62 U e±, e|. 

Part 2.- r a is not topologically conjugate to a fuchsian group- By Theorem 11.21 
we know that Aif„;([[M a ]] 2 ) = ei, e\ U{e3} and by Theorem 1 1.41 we see that [[M a ]] 2 
cannot be topologically conjugate to an element of PU(2, 1). 

Part 3.- r a is not topologically conjugate to an affine group- On the contrary, 
assume that there is an homeomorphism (f> : Pg — ► Pp such that r = <jT Tip < 
PSL 3 (C) is an affine group. Since _1 (ei, e%) U _1 (ei) = Fix(M a ), where M a = 
[[M n ]]2^. By Theorem 11.21 we conclude that _1 (ei, el) is a complex line and 
{4> _1 (ei), 0~ 1 (e2), 4> _ (es)} are non-collinear points fixed by M a . We can assume 
that </>(ei) = ei, 0(e2) = e2, 4>{e 3 ) — e 3 and in consequence M a and _B = tfT 1 [[S]]2^> 
has lifts M a and -B given by: 

/ b \ /0 0A 3 \ 

(8.2) M a = 6 ; B = Ai , 

\ 6- 2 / \ A 2 / 

for some Ai,A2,A3,6 S C* that satisfy A1A2A3 = 1. Let £ be the invariant line 
under f a , then I is invariant under M a . By equation 18.21 and lemma [431 we deduce 
t e {e 3 ,p I p e ei, e2} U {ei, e^}. Since B(ei) = e 2 , B(e 2 ) = e 3 and -B(e 3 ) = ei we 
conclude that e%, e%, e 3 € i, which is a contradiction. 

Part 4.- f2_fs"ui(ra)/Ta is a compact orbifold with non-empty singular locus- For 
this it is enough to observe that fl Ku i(T a )/T a = ((C* x C*)/f a )/(T a /f a ) with 
(C* x C*)/f „ compact, r./f „ - Z 3 and [[B]] 2 G Jaot([l; 1; 1], T a ) with [1; 1; 1] G 

^x«i(r a ). 1 
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